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Classical Systems

A classical property is represented 
by a real-valued number

<latexit sha1_base64="VxrhFNf3o59wexLWEjE7cWkAwMg="></latexit>

1
<latexit sha1_base64="NUXEFC76DVnRyJE62Bjo82v0Lss="></latexit>

2
<latexit sha1_base64="OIex0w1hjooRAxEAhF4xkrqb3Og="></latexit>

3
<latexit sha1_base64="zGJPhgkcvIym1czVmByWzAlNNY4="></latexit>

0
<latexit sha1_base64="2tRhEb8bjcOG9JaY8C+aq56Rf8U="></latexit>�1

<latexit sha1_base64="GVSsOHtZHmsvwSz5qPyJAIvRnhM="></latexit>�2
<latexit sha1_base64="R7ZWQtCKVcFoB9ejcrjPEwjqwfE="></latexit>�3

<latexit sha1_base64="bXNTV9W06Oa/piclkK4nbm2m0Hs="></latexit>

R

<latexit sha1_base64="LVnYrXdjkUyY287zwjeuJQfNneo="></latexit>qposition
<latexit sha1_base64="3x9zPp+JGWk5OcUVFoiyJy9eItA="></latexit>pmomentum

A classical system is represented 
by a point in the phase space

<latexit sha1_base64="3x9zPp+JGWk5OcUVFoiyJy9eItA="></latexit>p

<latexit sha1_base64="LVnYrXdjkUyY287zwjeuJQfNneo="></latexit>q

<latexit sha1_base64="fTa6DDiekcBvjX56I17S8BXX35Q="></latexit>

(q, p) 2 R2

state of the system

<latexit sha1_base64="3x9zPp+JGWk5OcUVFoiyJy9eItA="></latexit>p

<latexit sha1_base64="LVnYrXdjkUyY287zwjeuJQfNneo="></latexit>q

state of the system
A noisy classical system is represented by a 
probability distribution in the phase space
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Dirac Notation

• A column vector is represented with a “ket”, e.g.,

<latexit sha1_base64="I3ZamrDk9iMjaZRo/URzQa/1/Eo="></latexit>

|xi =

a
b

�

• A row vector is represented with a “bra”, e.g.,
<latexit sha1_base64="nOcB63USmL5SbugBMRpBmj3LQ5A="></latexit>

hy| =
⇥
c d

⇤

• A ket can be transformed into a bra as follows: (conjugate transpose)
<latexit sha1_base64="AmLC3qONMBYHO/2BjA2AxxU7C10="></latexit>

|xi ! hx| =
⇥
a⇤ b⇤

⇤
= |xi†

• The inner product is represented as a bra-ket

<latexit sha1_base64="vaelRulvFHHCcSPPrxjnkww7N+4="></latexit>

hy|xi =
⇥
c d

⇤ a
b

�
= a · c+ b · d

• The outer product as 

<latexit sha1_base64="zahhStMh1dSY7mXV+PyOnz3ZJsY="></latexit>

|xihy| =

a
b

� ⇥
c d

⇤
=


ac ad
bc bd

�

• We consider the computational basis                  and
<latexit sha1_base64="RLGM4KZWjXeUwcwlvLwO8fFf8ho="></latexit>

|0i =

1
0

� <latexit sha1_base64="yXqts8lQH+HdlwxGg+ZTSANp6F0="></latexit>

|1i =

0
1

�

<latexit sha1_base64="qa0nDceYr0pskKydO6/0ZX/lS28="></latexit>

= |xi hy|zi
<latexit sha1_base64="CJh+d4HcWG4/e6M66dq6Cgfu35U="></latexit>

= hy|zi |xi
<latexit sha1_base64="ZBPdCbGabgTHQjJfrEoONoOp4yw="></latexit>

|xihy| · |ziE.g.,
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Quantum Systems — Observables

• Those matrices have real eigenvalues and represent the possible outcomes of measurements.

A quantum property, known as quantum observable, is represented by a Hermitian matrix

polarizationelectron spin
electron excitation

Observable with finite possible values

<latexit sha1_base64="MdgDcCCruIeqPdzBn5LS3ckNB1M="></latexit>2

64
? . . . ?
...

. . .
...

? . . . ?

3

75

<latexit sha1_base64="0LeOqKQGBUer1OQsr8LLI7sK47g="></latexit>

1
<latexit sha1_base64="8oXtrWV7WHh/FSp3QLXhWtaYTMo="></latexit>

0
<latexit sha1_base64="HwTEhNJherKM/JEXKJcDh1K9J50="></latexit>

2
<latexit sha1_base64="VxHIayAYAd6abjv3OT2YSI6ffxY="></latexit>

�1
<latexit sha1_base64="RmHHUc2mCGct0FUvKh68Fp0o/QM="></latexit>

�2
<latexit sha1_base64="7K/81a/TwCxf3bsNeRwzjGE8bQo="></latexit>

�3
<latexit sha1_base64="lowE+HWLJhOD7UKG9Rbpv5ZOP0g="></latexit>

3

<latexit sha1_base64="U7CBldxgdyHwuOuMWR3eXvu4cSY="></latexit>x

position of a particle

<latexit sha1_base64="+RuYzwS7O5OJOxSxBoaVXzEMAIQ="></latexit>

t

wave amplitude

Observable with infinite possible values

<latexit sha1_base64="2FlfrSTaDkGD8jCQ/KRG35qqFp8="></latexit>2

66664

? . . . ? . . .
...

. . .
... . . .

? . . . ? . . .
...

...
...

. . .

3

77775
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Quantum Systems — States

A quantum system is represented by a normalized vector known as the quantum state

probability

<latexit sha1_base64="3GR11jEjHxqUKtzi/cFtwQtJWdw="></latexit>

|1i
<latexit sha1_base64="W3bFqmtKGwNBTBqOtKHNb4X9sbY="></latexit>

|0i

<latexit sha1_base64="F+VkyGkwr9k2OInnJZ36TW1ASXI="></latexit>

|a|2

<latexit sha1_base64="LwLOrAw7snEKu+cYAxjxcHM4U0M="></latexit>

|b|2

<latexit sha1_base64="EyAnYK+r33B9bHk+hgaHZou4da0="></latexit>

|a|2 + |b|2 = 1

All states have the same length, i.e., normalized

State superposition:
<latexit sha1_base64="GhQgaP0QntQ7xrQnT/dlrHGsVv4="></latexit>

| i = a |0i+ b |1i

<latexit sha1_base64="c9z+tMl/7cx4vuV8mVbeUNIsJdI="></latexit>

| i

<latexit sha1_base64="6zYi2BunqHqwpTji0AcILWX1HpM="></latexit>

a |0i
<latexit sha1_base64="W3bFqmtKGwNBTBqOtKHNb4X9sbY="></latexit>

|0i

<latexit sha1_base64="5AOhCGRbD/fV01650KSQfj7LwAk="></latexit>

b |1i

<latexit sha1_base64="3GR11jEjHxqUKtzi/cFtwQtJWdw="></latexit>

|1i
<latexit sha1_base64="gQVXj4keB+39mL4SqnPapUpe+8w="></latexit>

|0i? |1i , h0|1i
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Examples of 2-dimensional States

Electron Spin

<latexit sha1_base64="GATSyW42TJgZGzSe2eAa9kvn6Sw="></latexit>

|0i
<latexit sha1_base64="d+HIypvkVdiirylzvJlaGxx6ZP4="></latexit>

|1i

Photon Polarization

<latexit sha1_base64="d+HIypvkVdiirylzvJlaGxx6ZP4="></latexit>

|1i

<latexit sha1_base64="GATSyW42TJgZGzSe2eAa9kvn6Sw="></latexit>

|0i

<latexit sha1_base64="GhQgaP0QntQ7xrQnT/dlrHGsVv4="></latexit>

| i = a |0i+ b |1i

probability

<latexit sha1_base64="3GR11jEjHxqUKtzi/cFtwQtJWdw="></latexit>

|1i
<latexit sha1_base64="W3bFqmtKGwNBTBqOtKHNb4X9sbY="></latexit>

|0i

<latexit sha1_base64="F+VkyGkwr9k2OInnJZ36TW1ASXI="></latexit>

|a|2

<latexit sha1_base64="LwLOrAw7snEKu+cYAxjxcHM4U0M="></latexit>

|b|2



9

Example of n-dimensional States

<latexit sha1_base64="k18E0Qt/9Llkqp+nT3ub25mlkuU="></latexit>· · ·
<latexit sha1_base64="GATSyW42TJgZGzSe2eAa9kvn6Sw="></latexit>

|0i
<latexit sha1_base64="5+40lbTlPpsdUg4AKYfpGQnlRe8="></latexit>

|1i
<latexit sha1_base64="Q4BH0B1XmQ/SkteH676N4PRf1Xs="></latexit>

|2i
<latexit sha1_base64="H2SwMpQaYIv0aiSj09m+2SZw+v8="></latexit>

|3i
<latexit sha1_base64="uJdP9xUgRz2S4c3ptLDGBDxHLoM="></latexit>

|4i
<latexit sha1_base64="IjdvN+WpqbZ8/6QLB7AxzK999FU="></latexit>

|5i
<latexit sha1_base64="I9J0+cbGWe14SKxyHd/D5PULPGo="></latexit>

|d�1i

<latexit sha1_base64="1oGS2GUQlbGY4DZcAddhu/JcygY="></latexit>

|ci|2

number of particles, 
e.g., photons

electron 
excitation

<latexit sha1_base64="0LeOqKQGBUer1OQsr8LLI7sK47g="></latexit>

1
<latexit sha1_base64="8oXtrWV7WHh/FSp3QLXhWtaYTMo="></latexit>

0
<latexit sha1_base64="HwTEhNJherKM/JEXKJcDh1K9J50="></latexit>

2
<latexit sha1_base64="VxHIayAYAd6abjv3OT2YSI6ffxY="></latexit>

�1
<latexit sha1_base64="RmHHUc2mCGct0FUvKh68Fp0o/QM="></latexit>

�2
<latexit sha1_base64="7K/81a/TwCxf3bsNeRwzjGE8bQo="></latexit>

�3
<latexit sha1_base64="lowE+HWLJhOD7UKG9Rbpv5ZOP0g="></latexit>

3

<latexit sha1_base64="U7CBldxgdyHwuOuMWR3eXvu4cSY="></latexit>x

position of a particle

<latexit sha1_base64="+RuYzwS7O5OJOxSxBoaVXzEMAIQ="></latexit>

t

wave amplitude

A d-dimensional quantum state

x
<latexit sha1_base64="hL+FaLtOT9luwfLW3Ut08xl3Pcw=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmpWyd1Gu1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOeHjQA=</latexit>

<latexit sha1_base64="LnjIEPKNL0wV137EIZm8RjXZhQc="></latexit>

��x
<latexit sha1_base64="TEjE8a+1lTCgrpmHXCnVp/SUpmo="></latexit>

�x
<latexit sha1_base64="AVZ92boyp0fCgs3+38XBn01ge/I="></latexit>

+1<latexit sha1_base64="OoIZZzO5JFGQmFPzk8/nFNwdkQk="></latexit>�1

<latexit sha1_base64="R9zle+7YrEMGeIeb4h60ynMCTTE=">AAAB8nicbVBNSwMxEJ31s9avqkcvwSLUS9ktih6LXjxWsB+wXUs2zbah2WRJsmJp+zO8eFDEq7/Gm//GtN2Dtj4YeLw3w8y8MOFMG9f9dlZW19Y3NnNb+e2d3b39wsFhQ8tUEVonkkvVCrGmnAlaN8xw2koUxXHIaTMc3Ez95iNVmklxb4YJDWLcEyxiBBsr+eN2olnp6Wz8UOkUim7ZnQEtEy8jRchQ6xS+2l1J0pgKQzjW2vfcxAQjrAwjnE7y7VTTBJMB7lHfUoFjqoPR7OQJOrVKF0VS2RIGzdTfEyMcaz2MQ9sZY9PXi95U/M/zUxNdBSMmktRQQeaLopQjI9H0f9RlihLDh5Zgopi9FZE+VpgYm1LehuAtvrxMGpWyd1F2786L1essjhwcwwmUwINLqMIt1KAOBCQ8wyu8OcZ5cd6dj3nripPNHMEfOJ8/vmKQ5Q==</latexit>

| (x)|2

<latexit sha1_base64="VG6m90WWOoT/1iNc8bMCFhNTNL8="></latexit>

|c0|2
<latexit sha1_base64="MsrkmH4U22S8eZjoMNYpl83f/TY="></latexit>

|c1|2

<latexit sha1_base64="xpj7kjcEyEBK5appE7gzdp+dzc0="></latexit>

|cn+1|2

<latexit sha1_base64="a1z9yc5OLCKC554jEHWkepf/6T4="></latexit>

|cn|2
<latexit sha1_base64="g5BgJb9ceb842Nn8hQvVzaCgf1o="></latexit>

|cn�1|2An infinite-dimensional state

<latexit sha1_base64="snjFsugdrtEHdKwjIaBoxTin2GE="></latexit>

| i =

2

64
c0
c1
...

3

75 =
1X

i=0

ci |ii

<latexit sha1_base64="V9cL62eLxGiybT06EWjQcv7xjlM="></latexit>

| i =

2

6664

c0
c1
...

cd�1

3

7775
=

d�1X

i=0

ci |ii
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Quantum Evolution

The evolution of a quantum state is described by a unitary transformation on the quantum state
<latexit sha1_base64="+9BpJNL+RDAiixMZTZ0YjZLGQks="></latexit>

| i ! U | i

• Unitary is a matrix that satisfies:
<latexit sha1_base64="aM1BaQQBqmxDQrmm5fgrpBPF/k8="></latexit>

UU † = U †U = 1

<latexit sha1_base64="0T3x/hYC3ECNFmTDUJOmX0nrSTI="></latexit>

ı~ d

dt
| i = H | i

• When                     where  is the Hamiltonian of the quantum system and  the reduced 
Planck constant the evolution is given by the Schrödinger equation

<latexit sha1_base64="mFMaZtspxeH+TqR0Wl9eqbi6Xuo="></latexit>

H
<latexit sha1_base64="fGsW6c/VW9us5QYXdappaWz+V5o="></latexit>

~
<latexit sha1_base64="o/A67Mi0MPSUOJSaW7Vr3h01bvk="></latexit>

U = eıH t/~

(preserves normalization)

<latexit sha1_base64="C5ubVEoABsPsdSrvRGZR7h3lQGc="></latexit>

X = |0ih1|+ |1ih0|
<latexit sha1_base64="aCjPna9gc2IaE+/PH1yLY9GcFbc="></latexit>

Y = �ı(|0ih1|� |1ih0|)
<latexit sha1_base64="o9hI3M4eA1mMvqjZapgHtdVkUYE="></latexit>

Z = |0ih0|� |1ih1|



11

Quantum Systems — States

A noisy quantum system is represented by a positive unit-trace matrix known as the 
quantum state

• A quantum state that is an outer product of a vector is called pure quantum state 
otherwise it is called mixed quantum state

<latexit sha1_base64="1oP1Sl2lq1Z5D4BE9bXA5j3W9zY="></latexit>

S =
X

i

pi | iih i|

• The spectral decomposition of an 
arbitrary quantum state is quantum states

mixed state<latexit sha1_base64="uAnyuOiUORFAIksJKK7tBeUS7ms="></latexit>

S

pure state
<latexit sha1_base64="OOOdUyjWNl3y8NjkJ+pqrK3dFZs="></latexit>

S = p1 | 1ih 1|+ p2 | 2ih 2|

<latexit sha1_base64="nYuRA1szBck2AClO49LzoUVICbc="></latexit>

| 1ih 1|

<latexit sha1_base64="4XYbtda2PLH5qi8q3E1WEI+TmV0="></latexit>

| 2ih 2|

<latexit sha1_base64="w7Y5okzFUYGjMR27+QVJVQF9FRQ="></latexit>

|�2ih�2|

<latexit sha1_base64="hIFCl95QS6pGu8ZnfEVxx64pf+g="></latexit>

|�1ih�1|
<latexit sha1_base64="I6sozcqLOODZ1wW9UpFIgI0QT+o="></latexit>

= p01 |�1ih�1|+ p02 |�2ih�2|

• The evolution of a mixed quantum state is given by
<latexit sha1_base64="WP1d5SMyAHWa+YS1Anm+LTeM+so="></latexit>

S ! USU †
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State Interpretation

Quantum State Interpretation Probability Interpretation

probability

<latexit sha1_base64="3GR11jEjHxqUKtzi/cFtwQtJWdw="></latexit>

|1i
<latexit sha1_base64="W3bFqmtKGwNBTBqOtKHNb4X9sbY="></latexit>

|0i

<latexit sha1_base64="F+VkyGkwr9k2OInnJZ36TW1ASXI="></latexit>

|a|2

<latexit sha1_base64="LwLOrAw7snEKu+cYAxjxcHM4U0M="></latexit>

|b|2
<latexit sha1_base64="GhQgaP0QntQ7xrQnT/dlrHGsVv4="></latexit>

| i = a |0i+ b |1i

Frequentism: The relative frequency of an 
event in the limit of sufficient many trials

Bayesianism: The degree of confidence of 
a hypothesis based on the prior knowledge

A quantum state corresponds to a statistical 
ensemble of independent and identically 
prepared copies of a quantum system

A quantum state provides a complete 
description of an individual quantum system

many worlds pilot waves Copenhagen interpretation quantum Bayesianism

W. HeisenbergE. SchrödingerN. BohrM. Born A. Einstein
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Composite States

Answer: No!

Can we always decompose 
a given vector into a 
tensor product of vectors?

<latexit sha1_base64="r7qm0EL4J1H+A+ZODvCaL1AWmTc="></latexit>
?
?

�
⌦

?
?

�
<latexit sha1_base64="oVHFZauJz/c1gBXWRFycVRNtgnk="></latexit>2

664

?
?
?
?

3

775

<latexit sha1_base64="5d9o3eNm4h5+ZisGBzPW8iRzSKk="></latexit>

?

<latexit sha1_base64="1AlY7SPfUDgRWEED4toLbrcCdZQ="></latexit>

| i = | i(1) ⌦ | i(2) =

c0
c1

�
⌦


d0
d1

�
<latexit sha1_base64="Q/UUa/X/V8xE4OEpof6N3J5z7Q0="></latexit>

=

2

664

c0


d0
d1

�

c1


d0
d1

�

3

775

<latexit sha1_base64="8+BrAEt6X8cK66exiYav98bmuIo="></latexit>

=

2

664

c0d0
c0d1
c1d0
c1d1

3

775

Composite states:
<latexit sha1_base64="oEFJQNU7z32V0067O5TiMNw1O4Y="></latexit>

| i(1) =

c0
c1

�
= c0 |0i+ c1 |1i

<latexit sha1_base64="1VM6Me3pbdRl9v+qj38njsuwn3E="></latexit>

| i(2) =

d0
d1

�
= d0 |0i+ d1 |1i

<latexit sha1_base64="P5Tf044t0XnoUW8XvEhT5PdI9hA="></latexit>

|�i = 1p
2
(|00i+ |11i) = 1p

2

2

664

1
0
0
1

3

775(Bell state)
<latexit sha1_base64="G4y110lTy29UCbiMAuWGQNRnoz0="></latexit>

|iji = |ii ⌦ |ji
convention
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Entanglement
A composite quantum state that cannot be written as a tensor product of two smaller 
quantum states is called entangled state

<latexit sha1_base64="FUZZ5A7vRK/pdzgk8eZvfIspVXo="></latexit>

| i 6= | i(1) ⌦ | i(2)

Otherwise it is called separable or product state.

• Entangled systems share a common property, but we don't know which part has which 
share until we measure it.

• For example, two particles have a total (sum) spin of zero, but we don't know the spin of 
each individual particle before we measure it.

<latexit sha1_base64="KC9V3NP2iw5VuZcJcmVL8txjyT4="></latexit>

+
1

2

<latexit sha1_base64="ZSKCLbREnVAeI7eITi1p6eUdL6Q="></latexit>

�1

2

particle 1 particle 2

<latexit sha1_base64="KC9V3NP2iw5VuZcJcmVL8txjyT4="></latexit>

+
1

2

<latexit sha1_base64="ZSKCLbREnVAeI7eITi1p6eUdL6Q="></latexit>

�1

2

particle 1 particle 2

spin

spin

<latexit sha1_base64="dtrA3LeExt8bpAlJRi1IymI4wtQ="></latexit>

|�i = 1p
2
(|01i+ |10i)

<latexit sha1_base64="LRRKaXq8oTRsJZdQIlI/mENkBCc="></latexit>

|1i : �1

2

<latexit sha1_base64="MIPK2sEVjBv/7NtITKL1cqATKF0="></latexit>

|0i : +1

2
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What Entanglement is NOT

• Entanglement DOES NOT allow faster-than-light communication.

• Entanglement DOES NOT contain information. It contains correlations about information.
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Classical Correlations

A B

or

A B

Alice Bob

The gloves are perfectly correlated but no information has traveled from one place to another!
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Quantum Correlations

Alice Bob

<latexit sha1_base64="AD3z7QByrcVTx7bBeQ66fhug+I4="></latexit>

|1i

<latexit sha1_base64="9PCfKX0175mmEWXg9qw7ml+uge4="></latexit>

|0i

<latexit sha1_base64="AD3z7QByrcVTx7bBeQ66fhug+I4="></latexit>

|1i

or
<latexit sha1_base64="9PCfKX0175mmEWXg9qw7ml+uge4="></latexit>

|0i<latexit sha1_base64="dtrA3LeExt8bpAlJRi1IymI4wtQ="></latexit>

|�i = 1p
2
(|01i+ |10i)

• The spins are perfectly correlated but no information has traveled from one place to another!

<latexit sha1_base64="dtrA3LeExt8bpAlJRi1IymI4wtQ="></latexit>

|�i = 1p
2
(|01i+ |10i)

• So, what how are quantum correlations different from classical ones?
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Quantum Correlations

Alice Bob

or

<latexit sha1_base64="dtrA3LeExt8bpAlJRi1IymI4wtQ="></latexit>

|�i = 1p
2
(|01i+ |10i)

<latexit sha1_base64="dtrA3LeExt8bpAlJRi1IymI4wtQ="></latexit>

|�i = 1p
2
(|01i+ |10i)
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Quantum Correlations

Alice Bob

or

<latexit sha1_base64="dtrA3LeExt8bpAlJRi1IymI4wtQ="></latexit>

|�i = 1p
2
(|01i+ |10i)

<latexit sha1_base64="dtrA3LeExt8bpAlJRi1IymI4wtQ="></latexit>

|�i = 1p
2
(|01i+ |10i)
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Quantum Correlations

<latexit sha1_base64="PsrjQ8wbFa261tCNSqTeSLdHe5g="></latexit>

| i = 1p
2


1
�1

�
=

1p
2
(|"i � |#i)

<latexit sha1_base64="RlYNppKK9/uEfeh33XAxvBu6HO4="></latexit>

|!i = 1p
2


1
1

�
=

1p
2
(|"i+ |#i)

<latexit sha1_base64="HkwiCn74o4tprwVcJE4+x5aasgw="></latexit>

|0i = |"i =

1
0

�

<latexit sha1_base64="z8YF0WWGa//9m/4fBvkXSQTj+WE="></latexit>

|1i = |#i =

0
1

�

<latexit sha1_base64="2lfymGr3ALq30IgbvhtAvf1yZFQ="></latexit>

|�i = 1p
2
(|01i+ |10i) = 1p

2

2

664

0
1
1
0

3

775

<latexit sha1_base64="j9y8TnkY1SKzUcAIVD9h6DHHK/0="></latexit>

=
1p
2
(|"#i+ |#"i)

<latexit sha1_base64="RfZGDNlYOyKKkwP+RxMVkgx+LJ8="></latexit>

|�i = 1p
2
(|!!i � |  i)

<latexit sha1_base64="12ky7TkuZiC+wRxJQbTNm0FVYaI="></latexit>

|�i = 1p
2


1
ı

�
=

1p
2
(|"i+ ı |#i)

<latexit sha1_base64="KukHhj5zw3o2aE+IrulfBHb4v4U="></latexit>

|⌦i = 1p
2


1
�ı

�
=

1p
2
(|"i � ı |#i)

<latexit sha1_base64="vO3S1cooYKstixd91JHGGBnUqmQ="></latexit>

|�i = �ıp
2
(|��i � |⌦⌦i)
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Quantum Correlations

<latexit sha1_base64="Nzr/kk6oPmGVlyvyzuiX3uPy97A="></latexit>

|#i

Alice Bob

<latexit sha1_base64="tmm+bkRvKD0ON1Ip7yOQDDLpYFQ="></latexit>

|"i <latexit sha1_base64="3wj+w4CQyPK7fcFcn6d+B5ty9hE="></latexit>

|�i = 1p
2
(|"#i+ |#"i)

<latexit sha1_base64="Nzr/kk6oPmGVlyvyzuiX3uPy97A="></latexit>

|#i

or
<latexit sha1_base64="tmm+bkRvKD0ON1Ip7yOQDDLpYFQ="></latexit>

|"i<latexit sha1_base64="3wj+w4CQyPK7fcFcn6d+B5ty9hE="></latexit>

|�i = 1p
2
(|"#i+ |#"i)
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Quantum Correlations

Alice Bob

<latexit sha1_base64="RfZGDNlYOyKKkwP+RxMVkgx+LJ8="></latexit>

|�i = 1p
2
(|!!i � |  i)

<latexit sha1_base64="/LQF8qGEDRnmOw4DiHwMcQq0NFU="></latexit>

| i

or

<latexit sha1_base64="RfZGDNlYOyKKkwP+RxMVkgx+LJ8="></latexit>

|�i = 1p
2
(|!!i � |  i)

<latexit sha1_base64="QLtpdvjMjq/sOFhXGfZ9Tdr78jQ="></latexit>

|!i
<latexit sha1_base64="QLtpdvjMjq/sOFhXGfZ9Tdr78jQ="></latexit>

|!i

<latexit sha1_base64="/LQF8qGEDRnmOw4DiHwMcQq0NFU="></latexit>

| i
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Quantum Correlations

• Quantum correlations are stronger than classical correlations

Alice Bob
<latexit sha1_base64="/YYeOLJP8eWouV0kXKQ+yZuZ1Z0="></latexit>

|�i
<latexit sha1_base64="/YYeOLJP8eWouV0kXKQ+yZuZ1Z0="></latexit>

|�i

or
<latexit sha1_base64="RI1pBv32qKaqGMYWvWQTMhFa1OI="></latexit>

|⌦i
<latexit sha1_base64="RI1pBv32qKaqGMYWvWQTMhFa1OI="></latexit>

|⌦i
<latexit sha1_base64="+O5b4PaniHDZP9/2N82OoPw5QcM="></latexit>

|�i = ıp
2
(|��i � |⌦⌦i)

<latexit sha1_base64="+O5b4PaniHDZP9/2N82OoPw5QcM="></latexit>

|�i = ıp
2
(|��i � |⌦⌦i)

• In quantum systems multiple properties can be simultaneously correlated



25

Characterizing Entanglement

Schmidt decomposition:
orthonormal basis

Schmidt coefficients
<latexit sha1_base64="aH8TuS8AfZ+NIpOjFJ+hlyonwMo="></latexit>

{�0,�1} :

<latexit sha1_base64="Onnc+H869trlfmKS132XjUwMpzA="></latexit>

�0 = �1 =
1p
2

<latexit sha1_base64="PuQb+rinaZ2Oapk99kHL15FQCkY="></latexit>

|e(1)0 i = |e(2)0 i = |0i
<latexit sha1_base64="bTCxr/yMoSK34M6B/Vf1wOggNj4="></latexit>

|e(1)1 i = |e(2)1 i = |1i
<latexit sha1_base64="2eUsuYDF7gZ6Of8+L6S03oHemyA="></latexit>

| i = 1p
2
(|00i+ |11i)

• The number of non-zero Schmidt coefficients identifies entanglement

<latexit sha1_base64="88b5H/xSu68hez0HlIa2fbfH+q0="></latexit>

| i =
X

i

p
�i|eii ⌦ |hii

<latexit sha1_base64="EhYiSIjRE3mbgIe3WTICymLj9XI="></latexit>

{|eii, |hii} :

• Entanglement is the superposition of composite quantum systems

<latexit sha1_base64="YmNwd39O9VF5pfVmQm9dACiGbFA="></latexit>

�0 = 1
<latexit sha1_base64="b3Pw7GjH+tvlXQlFS8HCK7PTvTU="></latexit>

�1 = 0&
<latexit sha1_base64="Vr/DEtizNggp5mjQ5sZEnAloGFg="></latexit>) (separable)

<latexit sha1_base64="DKWwvltyWypHdz6CseA47C0IEiw="></latexit>

| i = |e0i ⌦ |h0i

(entangled)
<latexit sha1_base64="Mwy3PMp4/nj3+RwC7e3QoyhQy4c="></latexit>

�0 6= 0
<latexit sha1_base64="i9T9LHqbwsXPzSXCj2cWzEZ+7yc="></latexit>

�1 6= 0&
<latexit sha1_base64="Vr/DEtizNggp5mjQ5sZEnAloGFg="></latexit>)

<latexit sha1_base64="zJicVHX+5845MrQp03vKYgOPMGU="></latexit>

| i = �0|e0i ⌦ |h0i+ �1|e1i ⌦ |h1i



26

Characterizing Entanglement

Schmidt decomposition:
orthonormal basis

Schmidt coefficients
<latexit sha1_base64="aH8TuS8AfZ+NIpOjFJ+hlyonwMo="></latexit>

{�0,�1} :

• The number of non-zero Schmidt coefficients identifies entanglement

<latexit sha1_base64="88b5H/xSu68hez0HlIa2fbfH+q0="></latexit>

| i =
X

i

p
�i|eii ⌦ |hii

<latexit sha1_base64="EhYiSIjRE3mbgIe3WTICymLj9XI="></latexit>

{|eii, |hii} :

• Entanglement is the superposition of composite quantum systems

<latexit sha1_base64="YmNwd39O9VF5pfVmQm9dACiGbFA="></latexit>

�0 = 1
<latexit sha1_base64="b3Pw7GjH+tvlXQlFS8HCK7PTvTU="></latexit>

�1 = 0&
<latexit sha1_base64="Vr/DEtizNggp5mjQ5sZEnAloGFg="></latexit>) (separable)

<latexit sha1_base64="DKWwvltyWypHdz6CseA47C0IEiw="></latexit>

| i = |e0i ⌦ |h0i

(entangled)
<latexit sha1_base64="Mwy3PMp4/nj3+RwC7e3QoyhQy4c="></latexit>

�0 6= 0
<latexit sha1_base64="i9T9LHqbwsXPzSXCj2cWzEZ+7yc="></latexit>

�1 6= 0&
<latexit sha1_base64="Vr/DEtizNggp5mjQ5sZEnAloGFg="></latexit>)

<latexit sha1_base64="zJicVHX+5845MrQp03vKYgOPMGU="></latexit>

| i = �0|e0i ⌦ |h0i+ �1|e1i ⌦ |h1i

<latexit sha1_base64="YmNwd39O9VF5pfVmQm9dACiGbFA="></latexit>

�0 = 1
<latexit sha1_base64="b3Pw7GjH+tvlXQlFS8HCK7PTvTU="></latexit>

�1 = 0&

<latexit sha1_base64="jI2/04F+SftfLywDwH6eDvBsKhA="></latexit>

|e(1)0 i = |e(2)0 i = 1p
2
(|0i+ |1i)

<latexit sha1_base64="pqC3khWYO6FMFB4rCxnT1J1QayQ="></latexit>

|e(1)1 i = |e(2)1 i = 1p
2
(|0i � |1i)

<latexit sha1_base64="ctpNrSE/7ijd9F5hbjqh0ffm7GA="></latexit>

| i = 1

2
(|00i+ |01i+ |10i+ |11i)
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Entanglement in Mixed States

Classically Correlated
<latexit sha1_base64="mOJXiIA1uUZt+e47VEwG97+tuNg="></latexit>

S(AB) =
X

i

pij |iihi|(A) ⌦ |jihj|(B)

Uncorrelated
<latexit sha1_base64="yYfMqpU+84VrBk2fQJvWs9IRBCA="></latexit>

S(AB) = S(A) ⌦ S(B)

Correlated
<latexit sha1_base64="v0NAQxyivWGk/vSjDIjG/ZY7ckc="></latexit>

S(AB) 6= S(A) ⌦ S(B)

Quantum Correlated
<latexit sha1_base64="xo0jSsJazQKdkZPncY9WMFhUomI="></latexit>

S(AB) 6=
X

i

pij |iihi|(A) ⌦ |jihj|(B)

Separable
<latexit sha1_base64="59hc8bA+RO1c+2DfBSiIdfYZc0c="></latexit>

S(AB) =
X

i

piS
(A)
i ⌦ S(B)

i
Entangled

<latexit sha1_base64="SvvoaAuc/sjAcgsF+7kXO3creC4="></latexit>

S(AB) 6=
X

i

piS
(A)
i ⌦ S(B)

i
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Detecting Entanglement

Assuming complete knowledge of the quantum state , entanglement detection 
reduces to the verification of a mathematical condition.

<latexit sha1_base64="FHNucMoSFPEw34IEQAXtQ+8QUIs="></latexit>

S

<latexit sha1_base64="7EVoOOefohBkGrRpxb+fcqFMTIc="></latexit>

�1 = �2 = �3 =
1

2

<latexit sha1_base64="HP2PBjAF7zhRlgrnygSur1FmgVA="></latexit>

�4 = �1

2

(Peres-Horodecki Criterion) Let us have a quantum state  and a positive map  
For separable states the map                       must yield a positive operator.

<latexit sha1_base64="FHNucMoSFPEw34IEQAXtQ+8QUIs="></latexit>

S
<latexit sha1_base64="TUKKLh+W2DM+HKsG1aMO/svQJf8="></latexit>

M : M(S) ! S0
<latexit sha1_base64="VjDr10JBViFNQtfOXC7ErbYQ/yE="></latexit>

[M⌦ 1](S)

A. Peres Phys. Rev. Lett. 77, 1413 (1996)

<latexit sha1_base64="r88swkayXokdi6UTP6js7l1gLdk="></latexit>

[T ⌦ 12] (�) =
1

2

2

664

1 0 0 0
0 0 1 0
0 1 0 0
0 0 0 1

3

775

<latexit sha1_base64="4nXxLsNQpa1onialIMuSE4LYDRA="></latexit>

M = T : |iihj| ! |jihi|

<latexit sha1_base64="OVCZ2dPXTpJHAem32nulfczU+vs="></latexit>

� =
1

2

2

664

1 0 0 1
0 0 0 0
0 0 0 0
1 0 0 1

3

775
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Detecting Entanglement

Assuming no prior knowledge of the quantum state , entanglement detection can be 
achieved using specially designed measurements, known as entanglement witnesses.

<latexit sha1_base64="FHNucMoSFPEw34IEQAXtQ+8QUIs="></latexit>

S

<latexit sha1_base64="kOKprxKetIXwZCdgZrKLjVJG/jQ="></latexit>

W =
X

ij

cijAi ⌦Bj

<latexit sha1_base64="EEZ3ImU81B5QynxpshJiccYGBlw="></latexit>

cij 2 R

An entanglement witness is a Hermitian operator that yields a non-negative mean value with 
respect to any separable state. Thus, the detection of a negative value implies entanglement

O. Guhne et al. Mod. Opt. 50, 1079 (2003)

entangled
<latexit sha1_base64="yPvZyvMkwcDezOwIjMiAVVDjEa8="></latexit>

ES(W ) < 0 ) S :

entangled 
states

separable 
states

<latexit sha1_base64="uAnyuOiUORFAIksJKK7tBeUS7ms="></latexit>

S
<latexit sha1_base64="YG8q2OGSSuz/d4u7MjkJ/tik6wc="></latexit>

ES(W ) < 0

<latexit sha1_base64="fQMyELWw/TmhoPYdlgXQ16ndLjw="></latexit>

ES(W ) > 0
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Detecting Entanglement

Assuming no prior knowledge of the quantum state , entanglement detection can be 
achieved using specially designed measurements, known as entanglement witnesses.

<latexit sha1_base64="FHNucMoSFPEw34IEQAXtQ+8QUIs="></latexit>

S

<latexit sha1_base64="JpYk30XAr7jp6NAeIDDhJMa6rMM="></latexit>

C = A1 ⌦ B1 + A1 ⌦ B2 + A2 ⌦ B1 � A2 ⌦ B2
<latexit sha1_base64="DtHXS1wmO5Bqke93kjMlOPPQoJE="></latexit>

A1 =


1 0
0 �1

� <latexit sha1_base64="Ns3aLiefnm5BL715Xemo1GZlLvk="></latexit>

A2 =


0 1
1 0

�

<latexit sha1_base64="vbx0kRG9wygXncBi5YYPELCCM0k="></latexit>

B2 = (A2 � A1)/
p
2

<latexit sha1_base64="/eR5skzY9/kVN1JqLyrs9KDPQj4="></latexit>

B1 = (A1 + A2)/
p
2

<latexit sha1_base64="kOKprxKetIXwZCdgZrKLjVJG/jQ="></latexit>

W =
X

ij

cijAi ⌦Bj

<latexit sha1_base64="EEZ3ImU81B5QynxpshJiccYGBlw="></latexit>

cij 2 R

An entanglement witness is a Hermitian operator that yields a non-negative mean value with 
respect to any separable state. Thus, the detection of a negative value implies entanglement

O. Guhne et al. Mod. Opt. 50, 1079 (2003)

entangled
<latexit sha1_base64="yPvZyvMkwcDezOwIjMiAVVDjEa8="></latexit>

ES(W ) < 0 ) S :

<latexit sha1_base64="/QdMOJcNE/uR5zKZdDh44ffph84="></latexit>

E�(W ) = tr(�W ) = 2� 2
p
2 < 0

<latexit sha1_base64="EDC1J1LeWaHCEY05/+NVVndLsHY="></latexit>

W = 214 � C
<latexit sha1_base64="OVCZ2dPXTpJHAem32nulfczU+vs="></latexit>

� =
1

2

2

664

1 0 0 1
0 0 0 0
0 0 0 0
1 0 0 1

3

775



entangled 
states

separable 
states

<latexit sha1_base64="uAnyuOiUORFAIksJKK7tBeUS7ms="></latexit>

S
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Quantifying Entanglement

V. Vedral et al. Rev. Lett. 78, 2275–2279 (1997)

Relative entropy 
of entanglement

<latexit sha1_base64="zHdCIpZjXY5xIYuW6gSi/eHyGJ4="></latexit>

ER(S) = min
Ssep

H(S||Ssep)
<latexit sha1_base64="Zgj6IQ0BUE65fjBrQDNW5t921es="></latexit>

H(X ||Y ) := tr(X logX )� tr(X logY )

What is the minimum distance 
between an entangled state and 
the set of separable states?

distance

<latexit sha1_base64="DSHogcKSbHMgYEssOsU5FR5zkHM="></latexit>

[T ⌦ 1](S) 6 0

detects entanglement

<latexit sha1_base64="3SE76tCmFhBPYpa+hDYmR2dyR+E="></latexit>

�i : eigenvalues of 
<latexit sha1_base64="zMqMwCbDsTMHN0cCfI2djgnIgbU="></latexit>

[T ⌦ 1](S) Negativity
<latexit sha1_base64="yLvJurKoAky7Sy7ZomHOE4CUIJ8="></latexit>

EN (S) :=
���
X

�i<0

�i

���

G. Vidal and R. F. Werner Phys. Rev. A 65, 032314 (2002)
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Quantifying Entanglement

distillationdistillation

• What is the maximum amount of Bell 
states we can distill from a state?

<latexit sha1_base64="yosC5T4gpy1G2O9frBSLcEGTY8c="></latexit>

S⌦m �! |�i⌦nLOCC
<latexit sha1_base64="6nk9gSrkAcPPcdocaFFXohCVEP0="></latexit>

ED := max
LOCC

n n

m

o

C. H. Bennett et al. Phys. Rev. Lett. 76, 722–725 (1996)

• What is the minimum amount of Bell 
states used to create a state?

LOCC<latexit sha1_base64="CblAYFk222wOBGjCxsTwC9+ctMY="></latexit>

|�i⌦n �! S⌦m

<latexit sha1_base64="YtB07lMKmefOKvcHhnexWx9iaAM="></latexit>

EC := min
LOCC

n n

m

o

Distillable entanglement

<latexit sha1_base64="FoCjMoXj15rfp6Pgw+YDD+bkPJo="></latexit>

ED(S) := sup
r

⇢
lim

n!1


inf
⇤i

��⇤i(S
⌦n)� (|�ih�|)rn

��
1

�
= 0

�

Entanglement cost

<latexit sha1_base64="dl1WXFpPcMbqe8exjCA/DPo8C/Y="></latexit>

EC(S) := inf
r

⇢
lim

n!1


inf
⇤i

��S⌦n � ⇤i [(|�ih�|)rn]
��
1

�
= 0

�



Outline of the Presentation
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Quantum Teleportation

quantum 
gates

quantum gates

output 
state

input 
state

classical communication

resource 
state

input 
state

quantum 
gates

output 
state

quantum 
gates

Lab A (Alice) Lab B (Bob)

Quantum teleportation DOES NOT 
occur faster than the speed of light

C. H. Bennett, et al., Phys. Rev. Lett. 70, 1895 (1993)

resource state

<latexit sha1_base64="c9z+tMl/7cx4vuV8mVbeUNIsJdI="></latexit>

| i

<latexit sha1_base64="5NT615mYIQQAyLnv11fTQj/q4JU="></latexit>

H <latexit sha1_base64="MxaWjLAIe6TU9kUt6JrIaiCx25M="></latexit>

|nihn|

<latexit sha1_base64="nZe3BY20238VXXi8xDxDw32UHxw="></latexit>

|mihm|

<latexit sha1_base64="c9z+tMl/7cx4vuV8mVbeUNIsJdI="></latexit>

| i<latexit sha1_base64="H9QlwcZBQaBEu6pFxPIhfVAPjTk="></latexit>

Xm <latexit sha1_base64="Sam+y0LrA4Mkm+1bnyYHY0loxoQ="></latexit>

Zn

<latexit sha1_base64="c9z+tMl/7cx4vuV8mVbeUNIsJdI="></latexit>

| i

<latexit sha1_base64="V0pnfqp1rH5Guf03KN53DrRJqUA="></latexit>

|�i = 1p
2
(|00i+ |11i)



35

Quantum Teleportation

<latexit sha1_base64="58NcMxw1sGEgUQc8vvSLIVMqnaw="></latexit>

x = 0 ) | i = |00i (separable)
<latexit sha1_base64="JR1gJDfb2GJjnGhgJv/LMutqGVs="></latexit>

x =
1

2
) | i = 1p

2
(|00i+ |11i) (entangled)

<latexit sha1_base64="5NT615mYIQQAyLnv11fTQj/q4JU="></latexit>

H <latexit sha1_base64="MxaWjLAIe6TU9kUt6JrIaiCx25M="></latexit>

|nihn|

<latexit sha1_base64="nZe3BY20238VXXi8xDxDw32UHxw="></latexit>

|mihm|

<latexit sha1_base64="H9QlwcZBQaBEu6pFxPIhfVAPjTk="></latexit>

Xm <latexit sha1_base64="Sam+y0LrA4Mkm+1bnyYHY0loxoQ="></latexit>

Zn

<latexit sha1_base64="kMDB24aI6MkwNWZyTHpDX+SDUQI="></latexit>

{<latexit sha1_base64="b/XzzshhtiruPU7t2AOnMFovzUU="></latexit>

| i =
p
1� x |00i+

p
x |11i

0.0 0.1 0.2 0.3 0.4 0.5
0.5

0.6

0.7

0.8

0.9

1.0

<latexit sha1_base64="ODJbir0SP1RoVyC5WDqh0z+h+Dw="></latexit>

F

<latexit sha1_base64="pIHahxUdrcnnY+yf7MtBlKsRG7o="></latexit>x

<latexit sha1_base64="MyjRs/hCKVM2GA9YvKQtKq1ZKrw="></latexit>

|00i

<latexit sha1_base64="Amv9bE6ZDHvXgYHrbWmKvQq7pA4="></latexit>

1p
2
(|00i+ |11i)
maximally 
entangled 

state

<latexit sha1_base64="e2yZ4cUgggpZr3+aTCfTkCojyZM="></latexit>

| iin =
|0i+ |1ip

2

<latexit sha1_base64="VHvccQKNpnQR/wR55nZA8+neoQ4="></latexit>

| iout

Fidelity:
<latexit sha1_base64="CuxMLd42khrc03+KVyM0XuQtNis="></latexit>

0 6 F 6 1
<latexit sha1_base64="2Jj/Eksw+JAvIOJIWTakLJuT5vE="></latexit>

F = | h in| outi |2
<latexit sha1_base64="3lCxEYzV3/BkWp2cUwwpnTMQHdA="></latexit>

F = 1 , | ini = | outi



Conclusion

• Entanglement is a fundamental physical property

• Characterization of entanglement is an interesting mathematical problem

• Entanglement is used as a resource in quantum technology applications
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