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There are four main thrusts to CQN:

Thrust 1: Quantum network architecture

Thrust 2: Quantum sub-system technologies

Thrust 3: Quantum materials, devices and fundamentals

Thrust 4: Societal impact of the Quantum Internet

webpage: cqn-erc.org

email: info@cqn-erc.org

http://cqn-erc.org/
mailto:info@cqn-erc.org


Course Outline

• Lecture 1 — Introduction to Quantum Systems (April 13, 2022)

• Lecture 2 — Teleportation and Entanglement (April 20, 2022)

• Lecture 3 — Decoherence and Quantum Networks (April 27, 2022)
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When Classical Mechanics Fails

Mach-Zehnder Interferometer

single

photon

beam-splitter

beam-splitter
mirro

r

mirro
r

detector

<latexit sha1_base64="Yx4AuRC4h4wQji0oRnylcs11tMc="></latexit>'
phase shift

<latexit sha1_base64="Yx4AuRC4h4wQji0oRnylcs11tMc="></latexit>' <latexit sha1_base64="iOkDdjTrwe5z3HN6KvGs33jvzYk="></latexit>=

A photon takes each exit 
path with equal probability

<latexit sha1_base64="b+2GFnxw0R/wOt3bjaoysZEhKTg="></latexit>

P(red) = 1/2

<latexit sha1_base64="WzLriGYgxhFC+TiN1vFIfPRyrYU="></latexit>

P(blue) = 1/2
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When Classical Mechanics Fails

Mach-Zehnder Interferometer

beam-splitter

beam-splitter
mirro

r

mirro
r

<latexit sha1_base64="Yx4AuRC4h4wQji0oRnylcs11tMc="></latexit>'
phase shift

Photon Counting

<latexit sha1_base64="XoA4Jph87NNivuMkEGC9LCYOxpc="></latexit>

0
<latexit sha1_base64="QeMpv5U9NEeiCoNasInDNWrKNSs="></latexit>⇡

<latexit sha1_base64="37eYMnRvNekTQfU0KfB32X4AZaA="></latexit>'<latexit sha1_base64="XoA4Jph87NNivuMkEGC9LCYOxpc="></latexit>

0

<latexit sha1_base64="Q4tdCKiceOP9g1Pzd1LMXjTpikM="></latexit>n

<latexit sha1_base64="XBPC0w+BuacacweiMA8GwGhrKps="></latexit>n

2

<latexit sha1_base64="RLErjsfWLbaEuyy44P2Xc8VHmEs="></latexit>

2⇡

<latexit sha1_base64="NEZdV9Cm8NCQ3FbEoNz1xoHDwBo="></latexit>

n(1� cos')

2

A particle can be thought of as both a particle and a wave
Wave-particle Duality

<latexit sha1_base64="Jur0n+JPfoEXQM8jNcYxg7IlqdA="></latexit>n

2

<latexit sha1_base64="Jur0n+JPfoEXQM8jNcYxg7IlqdA="></latexit>n

2

single

photons

<latexit sha1_base64="uQ6nWUuxZA5DSV8w1tuIAXa8tLs="></latexit>n

The single photon behaves as if it is 
interfering with itself

<latexit sha1_base64="CK7wZpBRXHjqXNPFf88/UGHxXCg="></latexit>n

4

<latexit sha1_base64="4/2NDaN4twLpO0fOsI6rPNm6Puw="></latexit>

�
�n
4

<latexit sha1_base64="4/2NDaN4twLpO0fOsI6rPNm6Puw="></latexit>

�
�n
4

<latexit sha1_base64="lYi9Ums6Tw2W3r/kDeyReQw9Jvk="></latexit>

=
n

2

<latexit sha1_base64="Kq3zIzyZbPip4RPWayGnXqD5GqA="></latexit>

+
n

4

detector
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Classical Systems

8

Evolution of a property/state is deterministic

<latexit sha1_base64="LVnYrXdjkUyY287zwjeuJQfNneo="></latexit>q

<latexit sha1_base64="3x9zPp+JGWk5OcUVFoiyJy9eItA="></latexit>p
<latexit sha1_base64="9ZTbf+uQJcg9h+SFPtiFMcMh1J4="></latexit>

dq

dt
=

p

m
<latexit sha1_base64="yr2WheZ54Y2IUrAfrswDkfCt/z4="></latexit>

dp

dt
= f

A system is represented by a point in the phase space

state of 
the system

<latexit sha1_base64="3x9zPp+JGWk5OcUVFoiyJy9eItA="></latexit>p

<latexit sha1_base64="LVnYrXdjkUyY287zwjeuJQfNneo="></latexit>q

<latexit sha1_base64="fTa6DDiekcBvjX56I17S8BXX35Q="></latexit>

(q, p) 2 R2

A property is represented by a real-valued number
position

momentum

<latexit sha1_base64="LVnYrXdjkUyY287zwjeuJQfNneo="></latexit>q
<latexit sha1_base64="3x9zPp+JGWk5OcUVFoiyJy9eItA="></latexit>p<latexit sha1_base64="VxrhFNf3o59wexLWEjE7cWkAwMg="></latexit>

1
<latexit sha1_base64="NUXEFC76DVnRyJE62Bjo82v0Lss="></latexit>

2
<latexit sha1_base64="OIex0w1hjooRAxEAhF4xkrqb3Og="></latexit>

3
<latexit sha1_base64="zGJPhgkcvIym1czVmByWzAlNNY4="></latexit>

0
<latexit sha1_base64="2tRhEb8bjcOG9JaY8C+aq56Rf8U="></latexit>�1

<latexit sha1_base64="GVSsOHtZHmsvwSz5qPyJAIvRnhM="></latexit>�2
<latexit sha1_base64="R7ZWQtCKVcFoB9ejcrjPEwjqwfE="></latexit>�3

<latexit sha1_base64="bXNTV9W06Oa/piclkK4nbm2m0Hs="></latexit>

R
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Dirac Notation

• A column vector is represented with a “ket”, e.g.,
<latexit sha1_base64="I3ZamrDk9iMjaZRo/URzQa/1/Eo="></latexit>

|xi =

a
b

�

• A row vector is represented with a “bra”, e.g.,
<latexit sha1_base64="nOcB63USmL5SbugBMRpBmj3LQ5A="></latexit>

hy| =
⇥
c d

⇤

• A ket can be transformed into a bra as follows: (conjugate transpose)
<latexit sha1_base64="AmLC3qONMBYHO/2BjA2AxxU7C10="></latexit>

|xi ! hx| =
⇥
a⇤ b⇤

⇤
= |xi†

• The inner product is represented as a bra-ket
<latexit sha1_base64="vaelRulvFHHCcSPPrxjnkww7N+4="></latexit>

hy|xi =
⇥
c d

⇤ a
b

�
= a · c+ b · d

• The outer product as 
<latexit sha1_base64="zahhStMh1dSY7mXV+PyOnz3ZJsY="></latexit>

|xihy| =

a
b

� ⇥
c d

⇤
=


ac ad
bc bd

�

• We consider the computational basis                 and
<latexit sha1_base64="RLGM4KZWjXeUwcwlvLwO8fFf8ho="></latexit>

|0i =

1
0

� <latexit sha1_base64="yXqts8lQH+HdlwxGg+ZTSANp6F0="></latexit>

|1i =

0
1

�

<latexit sha1_base64="qa0nDceYr0pskKydO6/0ZX/lS28="></latexit>

= |xi hy|zi
<latexit sha1_base64="CJh+d4HcWG4/e6M66dq6Cgfu35U="></latexit>

= hy|zi |xi
<latexit sha1_base64="ZBPdCbGabgTHQjJfrEoONoOp4yw="></latexit>

|xihy| · |ziE.g.,
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Quantum Observable
A classical property is represented by a number

A quantum property, known as quantum observable, is represented by a matrix

• Those matrices have real eigenvalues and represent the possible outcomes of measurements.

<latexit sha1_base64="z4G1EWdPJWx1qGQmiy/mjvaEa7c="></latexit>

=


1
0

� ⇥
1 0

⇤
=


1 0
0 0

�
Eigenvalues: 0 and 1

Detection: 1 Non-detection: 0

<latexit sha1_base64="APRkMGVLj3JITVk+HImxsGnRXn0="></latexit>

D0 = |0ih0|

• E.g., Photon detection is a binary property that can be represented by a matrix:

single

photon

<latexit sha1_base64="Yx4AuRC4h4wQji0oRnylcs11tMc="></latexit>'

<latexit sha1_base64="r7r3GUAMmBE3p6CqZ/TKBXVGq/Y="></latexit>

D0
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Quantum Observable
A classical property is represented by a number

A quantum property, known as quantum observable, is represented by a matrix

• Those matrices have real eigenvalues and represent the possible outcomes of measurements.

• E.g., Photon detection is a binary property that can be represented by a matrix:

<latexit sha1_base64="Yx4AuRC4h4wQji0oRnylcs11tMc="></latexit>'

single

photon

<latexit sha1_base64="z4G1EWdPJWx1qGQmiy/mjvaEa7c="></latexit>

=


1
0

� ⇥
1 0

⇤
=


1 0
0 0

�
Eigenvalues: 0 and 1

Detection: 1 Non-detection: 0
<latexit sha1_base64="3WezX5niZ/KirCGxRtb+AdICLeY="></latexit>

=


0
1

� ⇥
0 1

⇤
=


0 0
0 1

�
Eigenvalues: 0 and 1

<latexit sha1_base64="Q9k+ShQd1k9aWEn8kfa9JAd50kA="></latexit>

D1 = |1ih1|
<latexit sha1_base64="cUTFCacfCtumrntgM4tM7CMxdK0="></latexit>

D1

<latexit sha1_base64="r7r3GUAMmBE3p6CqZ/TKBXVGq/Y="></latexit>

D0
<latexit sha1_base64="APRkMGVLj3JITVk+HImxsGnRXn0="></latexit>

D0 = |0ih0|

eigenvalues quantum measurements

<latexit sha1_base64="dwOXZchJoaTQleEc5sQgaoVGA/k="></latexit>

D = �0D0 + �1D1
<latexit sha1_base64="RC45F0I0dBrfuSfGgAbYsc0qDsk="></latexit>

�0 6= �1

<latexit sha1_base64="HirwZh9CY61RoFmGq/7Ad5p1r40="></latexit>

=


1 0
0 �1

�
<latexit sha1_base64="kN5zc8jenJQ3lw+Lm0f035iP0RA="></latexit>

�0 = 1
<latexit sha1_base64="lodFd9YR9CJneyYKXEhsJYJoSVU="></latexit>

�1 = �1
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Quantum Observable
A classical property is represented by a number

A quantum property, known as quantum observable, is represented by a matrix

• Those matrices have real eigenvalues and represent the possible outcomes of measurements.

• E.g., Polarization is a binary property that can be represented by a matrix:
<latexit sha1_base64="z4G1EWdPJWx1qGQmiy/mjvaEa7c="></latexit>

=


1
0

� ⇥
1 0

⇤
=


1 0
0 0

�
Eigenvalues: 0 and 1

Pass: 1 No pass: 0

<latexit sha1_base64="n9VR0dr39Wnb00o6kiA0u3WbA5g="></latexit>

⇧0 = |0ih0|
<latexit sha1_base64="fZhLmqkeszFx8IWMWcMQhP3O6PE="></latexit>

⇧0
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Quantum Observable
A classical property is represented by a number

A quantum property, known as quantum observable, is represented by a matrix

• Those matrices have real eigenvalues and represent the possible outcomes of measurements.

• E.g., Polarization is a binary property that can be represented by a matrix:
<latexit sha1_base64="z4G1EWdPJWx1qGQmiy/mjvaEa7c="></latexit>

=


1
0

� ⇥
1 0

⇤
=


1 0
0 0

�
Eigenvalues: 0 and 1

<latexit sha1_base64="3WezX5niZ/KirCGxRtb+AdICLeY="></latexit>

=


0
1

� ⇥
0 1

⇤
=


0 0
0 1

�
Eigenvalues: 0 and 1

<latexit sha1_base64="HirwZh9CY61RoFmGq/7Ad5p1r40="></latexit>

=


1 0
0 �1

�

eigenvalues quantum measurements

<latexit sha1_base64="n9VR0dr39Wnb00o6kiA0u3WbA5g="></latexit>

⇧0 = |0ih0|

<latexit sha1_base64="WtLdlz4X7YL7MeHgIJXZg7y8pcA="></latexit>

⇧1 = |1ih1|

<latexit sha1_base64="1IecFxWPgIlL7jsbBUb5HkHy74s="></latexit>

⇧1

<latexit sha1_base64="YN0CKvQUmdj3zZFzjP04P0BMOuI="></latexit>

⇧ = �0⇧0 + �1⇧1
<latexit sha1_base64="RC45F0I0dBrfuSfGgAbYsc0qDsk="></latexit>

�0 6= �1

<latexit sha1_base64="kN5zc8jenJQ3lw+Lm0f035iP0RA="></latexit>

�0 = 1
<latexit sha1_base64="lodFd9YR9CJneyYKXEhsJYJoSVU="></latexit>

�1 = �1

Pass: 1 No pass: 0
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Different Types of Observables

<latexit sha1_base64="0LeOqKQGBUer1OQsr8LLI7sK47g="></latexit>

1
<latexit sha1_base64="8oXtrWV7WHh/FSp3QLXhWtaYTMo="></latexit>

0
<latexit sha1_base64="HwTEhNJherKM/JEXKJcDh1K9J50="></latexit>

2
<latexit sha1_base64="VxHIayAYAd6abjv3OT2YSI6ffxY="></latexit>

�1
<latexit sha1_base64="RmHHUc2mCGct0FUvKh68Fp0o/QM="></latexit>

�2
<latexit sha1_base64="7K/81a/TwCxf3bsNeRwzjGE8bQo="></latexit>

�3
<latexit sha1_base64="lowE+HWLJhOD7UKG9Rbpv5ZOP0g="></latexit>

3

<latexit sha1_base64="U7CBldxgdyHwuOuMWR3eXvu4cSY="></latexit>x

position of a particle

<latexit sha1_base64="+RuYzwS7O5OJOxSxBoaVXzEMAIQ="></latexit>

t

wave amplitude

number of particles, 
e.g., photonselectron


excitation

photon

polarization electron spin current flowphoton


detection

Observable with two possible values
<latexit sha1_base64="EUX5hnzAEe4xcokiKLzqt/BhUdk="></latexit>
? ?
? ?

�

Observable with finite possible values

<latexit sha1_base64="MdgDcCCruIeqPdzBn5LS3ckNB1M="></latexit>2

64
? . . . ?
...

. . .
...

? . . . ?

3

75

Observable with infinite possible values

<latexit sha1_base64="2FlfrSTaDkGD8jCQ/KRG35qqFp8="></latexit>2

66664

? . . . ? . . .
...

. . .
... . . .

? . . . ? . . .
...

...
...

. . .

3

77775
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Quantum System
A classical system is represented by a point in the phase space

A quantum system cannot be represented as a point due to the uncertainty principle

<latexit sha1_base64="bjM2NK53Hv44ZzlgWu1GdNqVm9c="></latexit>

Q

<latexit sha1_base64="hI4b/Lfyh+YVNkY8dOPn3R0L9uk="></latexit>

P

<latexit sha1_base64="ruGFHrJA3iFA95tGvpI6R7Hwkao="></latexit>

V(Q)V(P) > ~2
4
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Quantum System
A classical system is represented by a point in the phase space

A quantum system cannot be represented as a point due to the uncertainty principle

A quantum system is represented by a function in the phase space, e.g., Wigner function

<latexit sha1_base64="bjM2NK53Hv44ZzlgWu1GdNqVm9c="></latexit>

Q

<latexit sha1_base64="hI4b/Lfyh+YVNkY8dOPn3R0L9uk="></latexit>

P
<latexit sha1_base64="g6gu0xg50hdck81yIz4gg23C0dw="></latexit>

W

<latexit sha1_base64="l88qRUfIYfoorIZus5NqgBbvvNc="></latexit>x : auxiliary variable
<latexit sha1_base64="ih7M2iUqVTgc2UJXogyImIN5G9k="></latexit>

| i : quantum state

<latexit sha1_base64="ELUm7rPZcnGEXjg6+dMeY/TmxVk="></latexit>q : outcome of
<latexit sha1_base64="c3zGLYQCIU32sjBaZrs/bOXao4I="></latexit>

Q
<latexit sha1_base64="DYQogBZCmicOjAxNQor6znhVEEo="></latexit>p : outcome of

<latexit sha1_base64="b1lHfXfJbOdUXTOIxL3NJQ9yv1U="></latexit>

P

<latexit sha1_base64="9nDKWaHPbWJqknrA1V3I+Ou2Xv8="></latexit>

W =
1

4⇡

Z 1

�1
dx exp

n ıxp

2

oD
q � x

2

��� 
ED

 
���q +

x

2

E

<latexit sha1_base64="bjM2NK53Hv44ZzlgWu1GdNqVm9c="></latexit>

Q

<latexit sha1_base64="hI4b/Lfyh+YVNkY8dOPn3R0L9uk="></latexit>

P
<latexit sha1_base64="g6gu0xg50hdck81yIz4gg23C0dw="></latexit>

W two photonsvacuum

<latexit sha1_base64="ruGFHrJA3iFA95tGvpI6R7Hwkao="></latexit>

V(Q)V(P) > ~2
4
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Quantum System
A classical system is represented by a point in the phase space

A quantum system cannot be represented as a point due to the uncertainty principle

A quantum system is represented by a function in the phase space, e.g., Wigner function

<latexit sha1_base64="bjM2NK53Hv44ZzlgWu1GdNqVm9c="></latexit>

Q

<latexit sha1_base64="hI4b/Lfyh+YVNkY8dOPn3R0L9uk="></latexit>

P
<latexit sha1_base64="g6gu0xg50hdck81yIz4gg23C0dw="></latexit>

W

<latexit sha1_base64="3TwqF8wY+n1qOn900ZTWPIruMNk="></latexit>

A00
<latexit sha1_base64="LK2DNVPakOCe+xyK4ijh1A/WLd8="></latexit>

A01

<latexit sha1_base64="U+E1WZlD10yh/ih7KYwPZQ/1vt4="></latexit>

A11
<latexit sha1_base64="s5ojgmaO+wgcPJOEFzE8LFV9P/s="></latexit>

A10

<latexit sha1_base64="g6gu0xg50hdck81yIz4gg23C0dw="></latexit>

W

<latexit sha1_base64="V6bavsYB+RUZWYzOAhSS07U7mgA="></latexit>

Aij =
1

2

⇥
(�1)iZ + (�1)jX + (�1)i+jY

⇤

<latexit sha1_base64="C5ubVEoABsPsdSrvRGZR7h3lQGc="></latexit>

X = |0ih1|+ |1ih0|
<latexit sha1_base64="aCjPna9gc2IaE+/PH1yLY9GcFbc="></latexit>

Y = �ı(|0ih1|� |1ih0|)
<latexit sha1_base64="o9hI3M4eA1mMvqjZapgHtdVkUYE="></latexit>

Z = |0ih0|� |1ih1|

quantum state
<latexit sha1_base64="suBMwAh7cx1+J1SCX4LJikKqNI4="></latexit>

Wij =
1

2
tr(| ih |Aij)

<latexit sha1_base64="ruGFHrJA3iFA95tGvpI6R7Hwkao="></latexit>

V(Q)V(P) > ~2
4

vacuum

<latexit sha1_base64="bjM2NK53Hv44ZzlgWu1GdNqVm9c="></latexit>

Q

<latexit sha1_base64="hI4b/Lfyh+YVNkY8dOPn3R0L9uk="></latexit>

P
<latexit sha1_base64="g6gu0xg50hdck81yIz4gg23C0dw="></latexit>

W two photons
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Quantum State
A quantum system, known as quantum state, is represented by a vector

State Superposition:
<latexit sha1_base64="GhQgaP0QntQ7xrQnT/dlrHGsVv4="></latexit>

| i = a |0i+ b |1i

probability

<latexit sha1_base64="3GR11jEjHxqUKtzi/cFtwQtJWdw="></latexit>

|1i
<latexit sha1_base64="W3bFqmtKGwNBTBqOtKHNb4X9sbY="></latexit>

|0i

<latexit sha1_base64="F+VkyGkwr9k2OInnJZ36TW1ASXI="></latexit>

|a|2

<latexit sha1_base64="LwLOrAw7snEKu+cYAxjxcHM4U0M="></latexit>

|b|2

<latexit sha1_base64="EyAnYK+r33B9bHk+hgaHZou4da0="></latexit>

|a|2 + |b|2 = 1

All states have the same 
length, i.e., normalized

<latexit sha1_base64="c9z+tMl/7cx4vuV8mVbeUNIsJdI="></latexit>

| i

<latexit sha1_base64="6zYi2BunqHqwpTji0AcILWX1HpM="></latexit>

a |0i
<latexit sha1_base64="W3bFqmtKGwNBTBqOtKHNb4X9sbY="></latexit>

|0i

<latexit sha1_base64="5AOhCGRbD/fV01650KSQfj7LwAk="></latexit>

b |1i

<latexit sha1_base64="3GR11jEjHxqUKtzi/cFtwQtJWdw="></latexit>

|1i
<latexit sha1_base64="gQVXj4keB+39mL4SqnPapUpe+8w="></latexit>

|0i? |1i , h0|1i

single

photon

<latexit sha1_base64="Yx4AuRC4h4wQji0oRnylcs11tMc="></latexit>'

<latexit sha1_base64="4ZF7USP54AWIM8It+qtrCQyIkW4="></latexit>

|0i

<latexit sha1_base64="YpdlaLhHH817wVhepzMebsxvgyA="></latexit>

|1i <latexit sha1_base64="cUTFCacfCtumrntgM4tM7CMxdK0="></latexit>

D1

<latexit sha1_base64="r7r3GUAMmBE3p6CqZ/TKBXVGq/Y="></latexit>

D0
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Quantum State

<latexit sha1_base64="4ZF7USP54AWIM8It+qtrCQyIkW4="></latexit>

|0i

<latexit sha1_base64="YpdlaLhHH817wVhepzMebsxvgyA="></latexit>

|1i

State Superposition:
<latexit sha1_base64="GhQgaP0QntQ7xrQnT/dlrHGsVv4="></latexit>

| i = a |0i+ b |1i
<latexit sha1_base64="c9z+tMl/7cx4vuV8mVbeUNIsJdI="></latexit>

| i

<latexit sha1_base64="6zYi2BunqHqwpTji0AcILWX1HpM="></latexit>

a |0i
<latexit sha1_base64="W3bFqmtKGwNBTBqOtKHNb4X9sbY="></latexit>

|0i

<latexit sha1_base64="5AOhCGRbD/fV01650KSQfj7LwAk="></latexit>

b |1i

<latexit sha1_base64="3GR11jEjHxqUKtzi/cFtwQtJWdw="></latexit>

|1i

probability

<latexit sha1_base64="3GR11jEjHxqUKtzi/cFtwQtJWdw="></latexit>

|1i
<latexit sha1_base64="W3bFqmtKGwNBTBqOtKHNb4X9sbY="></latexit>

|0i

<latexit sha1_base64="F+VkyGkwr9k2OInnJZ36TW1ASXI="></latexit>

|a|2

<latexit sha1_base64="LwLOrAw7snEKu+cYAxjxcHM4U0M="></latexit>

|b|2

<latexit sha1_base64="EyAnYK+r33B9bHk+hgaHZou4da0="></latexit>

|a|2 + |b|2 = 1

All states have the same 
length, i.e., normalized

<latexit sha1_base64="gQVXj4keB+39mL4SqnPapUpe+8w="></latexit>

|0i? |1i , h0|1i

A quantum system, known as quantum state, is represented by a vector



<latexit sha1_base64="BpJPBYwnC+X0yeifsPQeqnZYYFE="></latexit>

p1 = |b|2
<latexit sha1_base64="5+40lbTlPpsdUg4AKYfpGQnlRe8="></latexit>

|1i
<latexit sha1_base64="8f6P0AOtiU4rp2AoTZYHVfUZa7A="></latexit>

p0 = |a|2

<latexit sha1_base64="SHIqR1W0h693zBO3YtW/e8E0LCI="></latexit>

|0i

22

Quantum State after a Measurement

Let us have the quantum state 

<latexit sha1_base64="EyAnYK+r33B9bHk+hgaHZou4da0="></latexit>

|a|2 + |b|2 = 1

probability

<latexit sha1_base64="3GR11jEjHxqUKtzi/cFtwQtJWdw="></latexit>

|1i
<latexit sha1_base64="W3bFqmtKGwNBTBqOtKHNb4X9sbY="></latexit>

|0i

<latexit sha1_base64="F+VkyGkwr9k2OInnJZ36TW1ASXI="></latexit>

|a|2

<latexit sha1_base64="LwLOrAw7snEKu+cYAxjxcHM4U0M="></latexit>

|b|2

<latexit sha1_base64="GhQgaP0QntQ7xrQnT/dlrHGsVv4="></latexit>

| i = a |0i+ b |1i

Post-measurement state
<latexit sha1_base64="im9VnEfofyUOsaMhPssCuoj8GBg="></latexit>

| i ! ⇧i | ip
pi

<latexit sha1_base64="fZhLmqkeszFx8IWMWcMQhP3O6PE="></latexit>

⇧0

<latexit sha1_base64="5+40lbTlPpsdUg4AKYfpGQnlRe8="></latexit>

|1i

<latexit sha1_base64="SHIqR1W0h693zBO3YtW/e8E0LCI="></latexit>

|0i

<latexit sha1_base64="1IecFxWPgIlL7jsbBUb5HkHy74s="></latexit>

⇧1

<latexit sha1_base64="5+40lbTlPpsdUg4AKYfpGQnlRe8="></latexit>

|1i

<latexit sha1_base64="SHIqR1W0h693zBO3YtW/e8E0LCI="></latexit>

|0i

(collapse of the state)
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Examples of 2-dimensional States

Electron Spin

<latexit sha1_base64="GATSyW42TJgZGzSe2eAa9kvn6Sw="></latexit>

|0i
<latexit sha1_base64="d+HIypvkVdiirylzvJlaGxx6ZP4="></latexit>

|1i

Electron Excitation

<latexit sha1_base64="d+HIypvkVdiirylzvJlaGxx6ZP4="></latexit>

|1i

<latexit sha1_base64="GATSyW42TJgZGzSe2eAa9kvn6Sw="></latexit>

|0i

Current Flow

<latexit sha1_base64="d+HIypvkVdiirylzvJlaGxx6ZP4="></latexit>

|1i
<latexit sha1_base64="GATSyW42TJgZGzSe2eAa9kvn6Sw="></latexit>

|0i

Photon Polarization

<latexit sha1_base64="d+HIypvkVdiirylzvJlaGxx6ZP4="></latexit>

|1i

<latexit sha1_base64="GATSyW42TJgZGzSe2eAa9kvn6Sw="></latexit>

|0i

Photon Detection

<latexit sha1_base64="4ZF7USP54AWIM8It+qtrCQyIkW4="></latexit>

|0i
<latexit sha1_base64="YpdlaLhHH817wVhepzMebsxvgyA="></latexit>

|1i
<latexit sha1_base64="GhQgaP0QntQ7xrQnT/dlrHGsVv4="></latexit>

| i = a |0i+ b |1i
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Higher-Dimensional States

<latexit sha1_base64="k18E0Qt/9Llkqp+nT3ub25mlkuU="></latexit>· · ·
<latexit sha1_base64="GATSyW42TJgZGzSe2eAa9kvn6Sw="></latexit>

|0i
<latexit sha1_base64="5+40lbTlPpsdUg4AKYfpGQnlRe8="></latexit>

|1i
<latexit sha1_base64="Q4BH0B1XmQ/SkteH676N4PRf1Xs="></latexit>

|2i
<latexit sha1_base64="H2SwMpQaYIv0aiSj09m+2SZw+v8="></latexit>

|3i
<latexit sha1_base64="uJdP9xUgRz2S4c3ptLDGBDxHLoM="></latexit>

|4i
<latexit sha1_base64="IjdvN+WpqbZ8/6QLB7AxzK999FU="></latexit>

|5i
<latexit sha1_base64="I9J0+cbGWe14SKxyHd/D5PULPGo="></latexit>

|d�1i

<latexit sha1_base64="1oGS2GUQlbGY4DZcAddhu/JcygY="></latexit>

|ci|2

number of particles,

e.g., photons

electron

excitation

<latexit sha1_base64="0LeOqKQGBUer1OQsr8LLI7sK47g="></latexit>

1
<latexit sha1_base64="8oXtrWV7WHh/FSp3QLXhWtaYTMo="></latexit>

0
<latexit sha1_base64="HwTEhNJherKM/JEXKJcDh1K9J50="></latexit>

2
<latexit sha1_base64="VxHIayAYAd6abjv3OT2YSI6ffxY="></latexit>

�1
<latexit sha1_base64="RmHHUc2mCGct0FUvKh68Fp0o/QM="></latexit>

�2
<latexit sha1_base64="7K/81a/TwCxf3bsNeRwzjGE8bQo="></latexit>

�3
<latexit sha1_base64="lowE+HWLJhOD7UKG9Rbpv5ZOP0g="></latexit>

3

<latexit sha1_base64="U7CBldxgdyHwuOuMWR3eXvu4cSY="></latexit>x

position of a particle

<latexit sha1_base64="+RuYzwS7O5OJOxSxBoaVXzEMAIQ="></latexit>

t

wave amplitude

A d-dimensional quantum state

x
<latexit sha1_base64="hL+FaLtOT9luwfLW3Ut08xl3Pcw=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmpWyd1Gu1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOeHjQA=</latexit>

<latexit sha1_base64="LnjIEPKNL0wV137EIZm8RjXZhQc="></latexit>

��x
<latexit sha1_base64="TEjE8a+1lTCgrpmHXCnVp/SUpmo="></latexit>

�x
<latexit sha1_base64="AVZ92boyp0fCgs3+38XBn01ge/I="></latexit>

+1<latexit sha1_base64="OoIZZzO5JFGQmFPzk8/nFNwdkQk="></latexit>�1

<latexit sha1_base64="R9zle+7YrEMGeIeb4h60ynMCTTE=">AAAB8nicbVBNSwMxEJ31s9avqkcvwSLUS9ktih6LXjxWsB+wXUs2zbah2WRJsmJp+zO8eFDEq7/Gm//GtN2Dtj4YeLw3w8y8MOFMG9f9dlZW19Y3NnNb+e2d3b39wsFhQ8tUEVonkkvVCrGmnAlaN8xw2koUxXHIaTMc3Ez95iNVmklxb4YJDWLcEyxiBBsr+eN2olnp6Wz8UOkUim7ZnQEtEy8jRchQ6xS+2l1J0pgKQzjW2vfcxAQjrAwjnE7y7VTTBJMB7lHfUoFjqoPR7OQJOrVKF0VS2RIGzdTfEyMcaz2MQ9sZY9PXi95U/M/zUxNdBSMmktRQQeaLopQjI9H0f9RlihLDh5Zgopi9FZE+VpgYm1LehuAtvrxMGpWyd1F2786L1essjhwcwwmUwINLqMIt1KAOBCQ8wyu8OcZ5cd6dj3nripPNHMEfOJ8/vmKQ5Q==</latexit>

| (x)|2

<latexit sha1_base64="VG6m90WWOoT/1iNc8bMCFhNTNL8="></latexit>

|c0|2
<latexit sha1_base64="MsrkmH4U22S8eZjoMNYpl83f/TY="></latexit>

|c1|2

<latexit sha1_base64="xpj7kjcEyEBK5appE7gzdp+dzc0="></latexit>

|cn+1|2

<latexit sha1_base64="a1z9yc5OLCKC554jEHWkepf/6T4="></latexit>

|cn|2
<latexit sha1_base64="g5BgJb9ceb842Nn8hQvVzaCgf1o="></latexit>

|cn�1|2An infinite-dimensional state

<latexit sha1_base64="snjFsugdrtEHdKwjIaBoxTin2GE="></latexit>

| i =

2

64
c0
c1
...

3

75 =
1X

i=0

ci |ii

<latexit sha1_base64="V9cL62eLxGiybT06EWjQcv7xjlM="></latexit>

| i =

2

6664

c0
c1
...

cd�1

3

7775
=

d�1X

i=0

ci |ii



25

Quantum State Interpretation

Quantum State Interpretation Probability Interpretation

probability

<latexit sha1_base64="3GR11jEjHxqUKtzi/cFtwQtJWdw="></latexit>

|1i
<latexit sha1_base64="W3bFqmtKGwNBTBqOtKHNb4X9sbY="></latexit>

|0i

<latexit sha1_base64="F+VkyGkwr9k2OInnJZ36TW1ASXI="></latexit>

|a|2

<latexit sha1_base64="LwLOrAw7snEKu+cYAxjxcHM4U0M="></latexit>

|b|2
<latexit sha1_base64="GhQgaP0QntQ7xrQnT/dlrHGsVv4="></latexit>

| i = a |0i+ b |1i

Frequentism: The relative frequency of an event 
in the limit of sufficient many trials

Bayesianism: The degree of confidence of a 
hypothesis based on the prior knowledge

A quantum state corresponds to a statistical 
ensemble of independent and identically prepared 

copies of a quantum system

A quantum state provides a complete 
description of an individual quantum system

many worlds pilot waves Copenhagen interpretation quantum Bayesianism

W. HeisenbergE. SchrödingerN. BohrM. Born A. Einstein
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Evolution of a Quantum System
The evolution of a classical property is deterministic

<latexit sha1_base64="2WP/Qba4mn8mUHgXoUD9wc8VlZg="></latexit>

dx

dt
= y

The evolution of a quantum property is deterministic
<latexit sha1_base64="qHA034CNMlarxDAntUfCUpQ6YNU="></latexit>

dX

dt
= Y

The evolution of a quantum state is described by a unitary transformation on the quantum state
<latexit sha1_base64="+9BpJNL+RDAiixMZTZ0YjZLGQks="></latexit>

| i ! U | i

• Unitary is a matrix that satisfies:
<latexit sha1_base64="aM1BaQQBqmxDQrmm5fgrpBPF/k8="></latexit>

UU † = U †U = 1

<latexit sha1_base64="0T3x/hYC3ECNFmTDUJOmX0nrSTI="></latexit>

ı~ d

dt
| i = H | i

• When                     where  is the Hamiltonian of the quantum system and  the reduced Planck 
constant the evolution is given by the Schrödinger equation

<latexit sha1_base64="mFMaZtspxeH+TqR0Wl9eqbi6Xuo="></latexit>

H
<latexit sha1_base64="fGsW6c/VW9us5QYXdappaWz+V5o="></latexit>

~
<latexit sha1_base64="o/A67Mi0MPSUOJSaW7Vr3h01bvk="></latexit>

U = eıH t/~

(preserves normalization)
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Example of Quantum Evolution

<latexit sha1_base64="7ctWBjbpRMhtuZsNq3wYJOaGexo="></latexit>

X | i = (|0ih1|+ |1ih0|)
 r

1

3
|0i+

r
2

3
|1i
!

<latexit sha1_base64="NiR6ejG259s4CaYVMClK2vK7paI="></latexit>

=

r
1

3
|0i h1|0i+

r
2

3
|0i h1|1i+

r
1

3
|1i h0|0i+

r
2

3
|1i h0|1i

<latexit sha1_base64="nxbMxznVJJuJpnJNdGTVdAminPM="></latexit>

1
<latexit sha1_base64="nxbMxznVJJuJpnJNdGTVdAminPM="></latexit>

1
<latexit sha1_base64="TZyAKmSr7JibD+JCQR5MF/yiLtQ="></latexit>

0
<latexit sha1_base64="TZyAKmSr7JibD+JCQR5MF/yiLtQ="></latexit>

0

evolving according to the unitary matrix
<latexit sha1_base64="C5ubVEoABsPsdSrvRGZR7h3lQGc="></latexit>

X = |0ih1|+ |1ih0|

<latexit sha1_base64="iwW29uYhFI15jlep9CuefSaMN3M="></latexit>

X<latexit sha1_base64="0uZyhVBEs6RDwk5gCG6+dMch1uI="></latexit>r
1

3
|0i

<latexit sha1_base64="YXV3FmtaT3Fk8ZuBhat2pdv5PLA="></latexit>r
2

3
|1i

<latexit sha1_base64="6GqjVAy3skQQ+L6POjdiZOOeSGs="></latexit>

=

r
2

3
|0i+

r
1

3
|1i

<latexit sha1_base64="FZphTVZPedeQk/a7zLWEmM9UDkk="></latexit>r
2

3
|0i

<latexit sha1_base64="O34FW9gMjZUIR3ynikjP5E+1oD0="></latexit>r
1

3
|1i

Let us have the quantum state 
<latexit sha1_base64="EdlLLldLfZQiWney96DQuM9K2ZU="></latexit>

| i =
r

1

3
|0i+

r
2

3
|1i

<latexit sha1_base64="X520mPrkZAlMrKZtXtPS1CvFTeU="></latexit>

Z = |0ih0|� |1ih1|
<latexit sha1_base64="cfXhJ36zFmVrGTHobCcfss5SJdM="></latexit>

H =
1p
2
(X + Z )

<latexit sha1_base64="Ov5NVmCTjufJxAtXV9r8B3P8RHA="></latexit>

H | i =?

<latexit sha1_base64="4wRNrWHJPRBOF7z+DORGuPGm1wI="></latexit>

Z | i =?
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Quantum Information

In classical information theory we encode information onto bits
<latexit sha1_base64="zGJPhgkcvIym1czVmByWzAlNNY4="></latexit>

0
<latexit sha1_base64="VxrhFNf3o59wexLWEjE7cWkAwMg="></latexit>

1bit: or

In quantum information theory we encode information onto quantum bits (qubits)

qubit:
<latexit sha1_base64="02YBoK+GG1WZByMT4SC5nZvCzjw="></latexit>

a |0i+ b |1i
<latexit sha1_base64="LsZcewXkzEJz2cHG3P5KIY26RZ0="></latexit>

|0i
<latexit sha1_base64="lVAoG5zhCxc6korvB8//fksghU4="></latexit>

|1ior<latexit sha1_base64="w12upThZrbwOfvA/NVJYJMmuSOY="></latexit>!

x
<latexit sha1_base64="c5dWXWFIdgO0qjGMFIC6wyFOC+k="></latexit>

y
<latexit sha1_base64="06U2AnBPMk4oPRvA0wWqS7j3kj4="></latexit>'

<latexit sha1_base64="qKOLOn7Qlh+Swuc0FZ7COIWCLbY="></latexit>

#
<latexit sha1_base64="NZBXpmW/5N8NDIpDbbfGHehnFU0="></latexit>

<latexit sha1_base64="eV7L4Gj1EJKjlowPZcXtk2zoHHk="></latexit>

|0i

<latexit sha1_base64="2YlLyJUrCdtMj6tcsWfBK+ovv4w="></latexit>

|1i

<latexit sha1_base64="py9Jo/x96H4j9LRyU3HalDtTjbY="></latexit>

| i

Bloch Sphere

z
<latexit sha1_base64="tKYvmi43InCNg76mB67TA1gquT0="></latexit>

Qubit contains a bit as a special case

<latexit sha1_base64="6ysgUEeZ3zYZGhPSKeXBoBCdKZo="></latexit>

| i = a |0i+ b |1i
<latexit sha1_base64="W234ODwoDhtcDxcXglJWCdNV/yc="></latexit>

� 2 [0, 2⇡]
<latexit sha1_base64="b9wcvgFOP3Ne+uu7g8wYEU4AySs="></latexit>

' 2 [0, 2⇡]
<latexit sha1_base64="fTm0Lh5hEqk8ACIrjhPEq8/yjko="></latexit>

✓ 2 [0,⇡]

<latexit sha1_base64="h0MrfwurJR0A5lyNmRaZq7p3oUc="></latexit>

= eı�
✓
cos

✓

2
|0i+ eı' sin

✓

2
|1i

◆
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