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• Lecture 2 — Teleportation and Entanglement (April 20, 2022)

• Lecture 3 — Decoherence and Quantum Networks (April 27, 2022)
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Quantum Teleportation
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C. H. Bennett, et al., Phys. Rev. Lett. 70, 1895 (1993)
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Entanglement Swapping
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Entanglement swapping is effectively quantum teleportation of an entangled state

M. Żukowski et al., Phys. Rev. Lett. (1993)
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Noise in Quantum Systems
• Two quantum systems can interact with each other

<latexit sha1_base64="zJE+GCtzSGxNJGM0EwzkJuXNEf4="></latexit>

| i
<latexit sha1_base64="wg7vM8GMXxK8ZjwC0jqFEKG9zD0="></latexit>

| iE
interaction

environmentprincipal system

is in general an entangled state
<latexit sha1_base64="axDgDcxEd3Ey4NIFlhOeVD4lBUs="></latexit>

| i
<latexit sha1_base64="qxrXT0ZeasgBvwSICJEUROs6Euo="></latexit>

| i 6= | 0i ⌦ | 0iE

• Interaction in general creates entangled quantum systems

• Noise induced into a quantum system can be modeled through the Stinesping dilation

<latexit sha1_base64="zJE+GCtzSGxNJGM0EwzkJuXNEf4="></latexit>

| i
<latexit sha1_base64="wg7vM8GMXxK8ZjwC0jqFEKG9zD0="></latexit>

| iE

<latexit sha1_base64="afLLK2G+exJHFsBoxBED+nl2Olo="></latexit>

U
<latexit sha1_base64="axDgDcxEd3Ey4NIFlhOeVD4lBUs="></latexit>

| i
<latexit sha1_base64="y9py0EQL7LiEp87k6Hu6DUvWgjA="></latexit>

}

W. F. Stinespring, Proc. Am. Math. Soc. (1955)
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Quantum States as Matrices

• We can represent quantum states with matrices
<latexit sha1_base64="mNmA/oWZ2cwt+k2p7qv3d/aRwao="></latexit>

=


|a| ab⇤

a⇤b |b|

�

• A composite system of two quantum states      and      can be written as
<latexit sha1_base64="c+QPmQ6T4xTRvgU2V6bR8TinbS4="></latexit>

S1
<latexit sha1_base64="E9TF51cVtp/tSdpCJ/OOebKT42w="></latexit>

S2
<latexit sha1_base64="LwzCoCnQX+eJs9mug9ZIrPF2ySc="></latexit>

S1 ⌦ S2

❖ For example
<latexit sha1_base64="DAWEbECVASUr04ZGVlgxtEe+Xyg="></latexit>

X =


x11 x12

x21 x22

� <latexit sha1_base64="8WKO9PU0TGk8A78gswkD1QtLiZE="></latexit>

Y =


y11 y12
y21 y22

�

<latexit sha1_base64="juW1ojrQcyHzH00QTgAjcRcL2ps="></latexit>

X ⌦ Y =


x11Y x12Y
x21Y x22Y

�
<latexit sha1_base64="ueMEHDw+eT/TLuFoKrpALZy6dh4="></latexit>

=

2

664

x11


y11 y12
y21 y22

�
x12


y11 y12
y21 y22

�

x21


y11 y12
y21 y22

�
x22


y11 y12
y21 y22

�

3

775

<latexit sha1_base64="k4Sa917FyuJUOEaV7TsU8GgJPUU="></latexit>

=

2

664

x11y11 x11y12 x12y11 x12y12
x11y21 x11y22 x12y21 x12y22
x21y11 x21y12 x22y11 x22y12
x21y21 x21y22 x22y21 x22y22

3

775

<latexit sha1_base64="5d9o3eNm4h5+ZisGBzPW8iRzSKk="></latexit>

?
<latexit sha1_base64="HEkdmDyvxS3T4Dn+N/FsQoBaHFo="></latexit>

=

2

664

? ? ? ?
? ? ? ?
? ? ? ?
? ? ? ?

3

775

<latexit sha1_base64="jaJIMtYdLfCejWKUeTZ5R41B5gc="></latexit>
? ?
? ?

�
⌦

? ?
? ?

�

<latexit sha1_base64="LBw29D64xKWkyurASGpUg0djd8U="></latexit>

| i ! S = | ih |

Not always

❖ For example
<latexit sha1_base64="1VOUhDdZC3ErQhazMKQ5ZnrzKIg="></latexit>

| i = a |0i+ b |1i
<latexit sha1_base64="WDqTdZpe1O2vZ4U8zpEHdjGXWIg="></latexit>

! S = | ih | = (a |0i+ b |1i)(a⇤ h0|+ b⇤ h1|)
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Reduced Quantum State
• The trace of a matrix                              is

<latexit sha1_base64="gH3uIyfEZStcqgWzTL/UIF7vlh4="></latexit>

X =


x11 x12

x21 x22

�
<latexit sha1_base64="aj3QiwQ6y4l+GybnbRazxTTlmjE="></latexit>

tr(X ) = x11 + x22

• The partial trace of a product matrix              is
<latexit sha1_base64="KR9mQuPGEJnNI2jGK0uSaPmWxVY="></latexit>

X ⌦ Y
<latexit sha1_base64="hX4IQsgStenANvawDGbZt3RMiDE="></latexit>

tr1(X ⌦ Y ) = Y
<latexit sha1_base64="sDaHuRoxR5FpnqzDqWrmoqbnLYA="></latexit>

tr2(X ⌦ Y ) = X

<latexit sha1_base64="Ed14vuTHd+LTTNehQb9I7Bzrr0A="></latexit>

tr1(M ) = A+D

<latexit sha1_base64="byi/d3o2+yP4w+/TiaEXsddCxVE="></latexit>

tr2(M ) =


tr(A) tr(B)
tr(C ) tr(D)

�

<latexit sha1_base64="RzCtxSVc7I4Z4TegAKiHyY/Q/lk="></latexit>

M =


A2⇥2 B2⇥2

C2⇥2 D2⇥2

�
• The partial trace of an arbitrary matrix                                     is

• Given a composite quantum state            we can retrieve the reduced quantum states as follows
<latexit sha1_base64="eqjImzOGSvEN8yqLd/zxPyIiP1w="></latexit>

S(AB)

<latexit sha1_base64="afLLK2G+exJHFsBoxBED+nl2Olo="></latexit>

U
<latexit sha1_base64="WwqJRW6OJP2VH7Td04tbGh2cKik="></latexit>

S(B)

<latexit sha1_base64="vgWrCFLqi/nHbvAVTulnxWDvkKM="></latexit>

S(A)
<latexit sha1_base64="y9py0EQL7LiEp87k6Hu6DUvWgjA="></latexit>

}
<latexit sha1_base64="y9py0EQL7LiEp87k6Hu6DUvWgjA="></latexit>

} <latexit sha1_base64="S2Jdj2QS30ApMr0PMI6BETz3KLQ="></latexit>

S
0(AB)

<latexit sha1_base64="P5MjEAjuPYEFWBdYIrDHmvv5ifI="></latexit>

S(AB) = S(A) ⌦ S(B)

<latexit sha1_base64="LTxWtlutNUfKDP2nhOGiZlv5ltE="></latexit>

S
0(A) = trB

h
S

0(AB)
i

<latexit sha1_base64="lnUmMDmv8e8bDuZsd0WNlYowlcg="></latexit>

S
0(B) = trA

h
S

0(AB)
i



quantum states
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Quantum Systems (Revisited)

❖ Normalization for density matrices implies
<latexit sha1_base64="ZNNBllN/w6iiYjBmCQL/uhO6gKY="></latexit>

tr(S) = 1

A quantum system, known as quantum state, is represented by a vector

• A quantum state is represented by a normalized positive matrix called the density matrix

matrix

• A density matrix that is an outer product of a vector is called pure quantum state otherwise it is 
called mixed quantum state

❖ Mixed quantum states can be written as
<latexit sha1_base64="1oP1Sl2lq1Z5D4BE9bXA5j3W9zY="></latexit>

S =
X

i

pi | iih i|

pure state
<latexit sha1_base64="OOOdUyjWNl3y8NjkJ+pqrK3dFZs="></latexit>

S = p1 | 1ih 1|+ p2 | 2ih 2|

<latexit sha1_base64="nYuRA1szBck2AClO49LzoUVICbc="></latexit>

| 1ih 1|

<latexit sha1_base64="4XYbtda2PLH5qi8q3E1WEI+TmV0="></latexit>

| 2ih 2|

<latexit sha1_base64="w7Y5okzFUYGjMR27+QVJVQF9FRQ="></latexit>

|�2ih�2|

<latexit sha1_base64="hIFCl95QS6pGu8ZnfEVxx64pf+g="></latexit>

|�1ih�1|

<latexit sha1_base64="I6sozcqLOODZ1wW9UpFIgI0QT+o="></latexit>

= p01 |�1ih�1|+ p02 |�2ih�2|

positive eigenvalues

<latexit sha1_base64="y9py0EQL7LiEp87k6Hu6DUvWgjA="></latexit>

}
❖ Evolution of a mixed state is given by

<latexit sha1_base64="porzdb0zKfI/7Q4YlAzHhyWg2A4="></latexit>

| i ! U | i
<latexit sha1_base64="N4lSEipOxaIl479HqscsQVcULZw="></latexit>

| ih | ! U | ih |U †

<latexit sha1_base64="tHwXV5+5Kg8jnhmQWSZbDFpC6eA="></latexit>

S ! USU †

mixed state<latexit sha1_base64="uAnyuOiUORFAIksJKK7tBeUS7ms="></latexit>

S



• Non-spectral colors (e.g., white and magenta) correspond to combinations of spectral colors
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Color - State Analogy

blue green red

spectral colors

• Spectral colors (e.g., red, green, and blue) correspond to specific wavelengths of light

~700nm~400nm

where is magenta?where is white?

❖ Analogous to pure quantum states

❖ Analogous to mixed quantum states



<latexit sha1_base64="oTAPSf5q7tbY7t8Lak7D7q3rrx4="></latexit>

=
1

d
1 +

1

2

d2�1X

i=1

E(Mi)Mi
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Reconstruction of a Quantum State

• The mean value of a random variable  is given by
<latexit sha1_base64="jR9TldPSRAHfNAuUJvjz/z7QCRw="></latexit>

X
<latexit sha1_base64="DO9e3LAUUMGrrgoJXBJHEMM9VbI="></latexit>

E(X) =
X

i

xip(xi)
probability of the event

value of the event

<latexit sha1_base64="1oP1Sl2lq1Z5D4BE9bXA5j3W9zY="></latexit>

S =
X

i

pi | iih i|

• It is impossible to determine the unknown quantum state of a single individual 
system by any measurement or sequence of measurements. We need to perform 
statistics on an ensemble of quantum systems, i.e., measuring different observables.

probability of the measurement
outcome of the measurement

• The mean value of an observable  is given by
<latexit sha1_base64="+rUfRMAfs/PEvlqrsXu09MaiSl4="></latexit>

X
<latexit sha1_base64="P1MamhJcyDI1MD1+Xd9/ZLA2iEc="></latexit>

E(X ) =
X

i

xip(xi)

<latexit sha1_base64="pYrsezFpbPy0mwjbiPcAyV7CQsM="></latexit>

M1 = |0ih1|+ |1ih0|
<latexit sha1_base64="AD/KWDrvTA59In62gE5wtYB8oS4="></latexit>

M2 = �ı(|0ih1|� |1ih0|)
<latexit sha1_base64="wlIiGV8J9dxjmOQx2gt+WuOIlR8="></latexit>

M3 = |0ih0|� |1ih1|
For qubits:

Pauli Matrices
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Reconstruction of a Quantum State
• It is impossible to determine the unknown quantum state of a single individual 

system by any measurement or sequence of measurements. We need to perform 
statistics on an ensemble of quantum systems, i.e., measuring different observables.

<latexit sha1_base64="bjM2NK53Hv44ZzlgWu1GdNqVm9c="></latexit>

Q

<latexit sha1_base64="hI4b/Lfyh+YVNkY8dOPn3R0L9uk="></latexit>

P
<latexit sha1_base64="g6gu0xg50hdck81yIz4gg23C0dw="></latexit>

W

<latexit sha1_base64="UOgw6tkeBh7uVrEvNVLwYgu7nEQ="></latexit>

W =
1

4⇡

Z 1

�1
dx exp

n ıxp

2

oD
q � x

2

���S
���q +

x

2

E

<latexit sha1_base64="3TwqF8wY+n1qOn900ZTWPIruMNk="></latexit>

A00
<latexit sha1_base64="LK2DNVPakOCe+xyK4ijh1A/WLd8="></latexit>

A01

<latexit sha1_base64="U+E1WZlD10yh/ih7KYwPZQ/1vt4="></latexit>

A11
<latexit sha1_base64="s5ojgmaO+wgcPJOEFzE8LFV9P/s="></latexit>

A10

<latexit sha1_base64="g6gu0xg50hdck81yIz4gg23C0dw="></latexit>

W

<latexit sha1_base64="Coke7dV1ZYFP65Cu+GasgykZwO8="></latexit>

Wij =
1

2
tr(SAij)

• The process of reconstructing the quantum state is called quantum tomography

D. T. Smithey et al., Phys. Rev. Lett. (1993)
M. G. Raymer et al., Phys. Rev. Lett. (1994)
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Noise Leads to Decoherence

<latexit sha1_base64="afLLK2G+exJHFsBoxBED+nl2Olo="></latexit>

U

<latexit sha1_base64="LHzHV4YVuohh9sCs5zDiuj0XqQk="></latexit>

Spure

<latexit sha1_base64="LYJWc0SKiR3JnS6OtJ4PkaBmKuQ="></latexit>

Senv

<latexit sha1_base64="LK90grh8zGma/U1xJjBzJ79apIg="></latexit>

Smixed

decoherence

<latexit sha1_base64="LK90grh8zGma/U1xJjBzJ79apIg="></latexit>

Smixed<latexit sha1_base64="LHzHV4YVuohh9sCs5zDiuj0XqQk="></latexit>

Spure

<latexit sha1_base64="LHzHV4YVuohh9sCs5zDiuj0XqQk="></latexit>

Spure
<latexit sha1_base64="LK90grh8zGma/U1xJjBzJ79apIg="></latexit>

Smixed
<latexit sha1_base64="B/yhezIdLFcRPhAEW78nZCyar50="></latexit>

C
quantum channel

<latexit sha1_base64="PnGvAxI+vM/xU3h00UtFa0mV8oE="></latexit>

tr
�
S2

�
= 1• Pure quantum states satisfy

<latexit sha1_base64="6CPS83rFWYmm7MnXK1U5f17RSRM="></latexit>

1

2
6 tr

�
S2

�
< 1• Mixed quantum states satisfy

Purity is measured by
<latexit sha1_base64="VQEOOcDzl7s13JSHgOIxhpqe3X0="></latexit>

tr
�
S2

�

Noise decreases the purity of the quantum states

<latexit sha1_base64="9vZ7qU7tnqW9nWMDGmgQ5F5Smxs="></latexit>

|0ih0|
<latexit sha1_base64="9vZ7qU7tnqW9nWMDGmgQ5F5Smxs="></latexit>

|0ih0|

<latexit sha1_base64="5NT615mYIQQAyLnv11fTQj/q4JU="></latexit>

H <latexit sha1_base64="5bT2nqh59lUVQJWAUl1yJLA6Yps="></latexit>

� =
|00ih00|+ |00ih11|+ |11ih00|+ |11ih11|

2

<latexit sha1_base64="PEjoAgoI823+YOIhd/QFKS8FzCA="></latexit>

trenv(�) =
|0ih0|+ |1ih1|

2
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Entanglement (Revisited)

Uncorrelated
<latexit sha1_base64="P5MjEAjuPYEFWBdYIrDHmvv5ifI="></latexit>

S(AB) = S(A) ⌦ S(B)

Correlated
<latexit sha1_base64="BGPkNHXnqkq7oxOYKTHKu/HXs4E="></latexit>

S(AB) 6= S(A) ⌦ S(B)

Separable Entangled

Quantum Correlated
<latexit sha1_base64="CpcteMtAMrmjFmVDAldkgKJmzEo="></latexit>

S(AB) 6=
X

i

piS
(A)
i ⌦ S(B)

i

Classically Correlated
<latexit sha1_base64="1FiMm5RAgZHw/tf4tUmZ2cW2D8g="></latexit>

S(AB) =
X

i

piS
(A)
i ⌦ S(B)

i

❖ Identifying entanglement is hard

❖ Quantifying entanglement is even harder



entangled

states

separable

states
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Quantifying Entanglement
Geometrical Measures Operational Measures

distance

• What is the minimum distance between an 
entangled state and the set of separable states?

<latexit sha1_base64="uAnyuOiUORFAIksJKK7tBeUS7ms="></latexit>

S

Noise decreases the entanglement of the quantum states

<latexit sha1_base64="p8+v+s40ulcct06ZNWlk36JPi5s="></latexit>

ER(S) = min
Ssep

H(S||Ssep)Relative entropy 
of entanglement

Entanglement cost
<latexit sha1_base64="h8M+RLc2VjkfGHE4K3ljHNFhUBQ="></latexit>

EC := min
LOCC

n n

m

o

Distillable entanglement
<latexit sha1_base64="sivdk7q33hKgrpARTFKdOVAGmeU="></latexit>

ED := max
LOCC

n n

m

o

R. Horodecki et al., Rev. Mod. Phys. (2009)

• What is the minimum amount of Bell states 
used to create a state?

LOCC<latexit sha1_base64="CblAYFk222wOBGjCxsTwC9+ctMY="></latexit>

|�i⌦n �! S⌦m

• What is the maximum amount of Bell states 
we can create from a state?

<latexit sha1_base64="yosC5T4gpy1G2O9frBSLcEGTY8c="></latexit>

S⌦m �! |�i⌦nLOCC
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Quantum Network with Repeaters

Node

Entanglement

Task: Distribute entanglement

A

B

C

D
E F

Quantum Repeater
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Quantum Repeater

• Entanglement distillation (entanglement purification) is a probabilistic technique that creates a 
strongly entangled state out of a set of weakly entangled ones

❖ Quantum repeaters require quantum memories to store entanglement for future usage
❖ Quantum repeaters can also utilize error correction codes to further boost their performance

distillationdistillation

H.-J. Briegel, Phys. Rev. Lett. (1998)



27

Entanglement Distillation

Alice Bob

<latexit sha1_base64="uAnyuOiUORFAIksJKK7tBeUS7ms="></latexit>

S

<latexit sha1_base64="uAnyuOiUORFAIksJKK7tBeUS7ms="></latexit>

S

C. H. Bennett et al., Phys. Rev. Lett. (1996)

<latexit sha1_base64="Ko/tDuTnkEmgr+bONkALn5knb/I="></latexit>���±↵ =
1p
2
(|00i± |11i)

<latexit sha1_base64="0KblhP4xD4iEecf/HKSATKKn1Bk="></latexit>�� ±↵ =
1p
2
(|01i± |10i)

<latexit sha1_base64="9vZ7qU7tnqW9nWMDGmgQ5F5Smxs="></latexit>

|0ih0|
<latexit sha1_base64="rj9moX3gmlg03lUHYObgZRHGIV0="></latexit>

|1ih1|or
<latexit sha1_base64="9vZ7qU7tnqW9nWMDGmgQ5F5Smxs="></latexit>

|0ih0|
<latexit sha1_base64="rj9moX3gmlg03lUHYObgZRHGIV0="></latexit>

|1ih1|or

Bell diagonal state
<latexit sha1_base64="cEwISmVb1g+ty+Y0hRs3TpG1lz0="></latexit>

S = a
���+

↵⌦
�+

��+ b
�� �↵⌦ ���+ c

�� +
↵⌦
 +

��+ d
����↵⌦����

<latexit sha1_base64="UJEnERjAkggFsOwb3X8YBkdawWE="></latexit>

⇡/2
<latexit sha1_base64="N5+QJpDtsUS7ljuSBtgwZkgc2eE="></latexit>

�⇡/2

D. Deutsch et al., Phys. Rev. Lett. (1996)
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Applications of Quantum Networks

• Quantum cryptography

• Quantum computing

• Quantum sensing

A

B

C

D
E F

Node

Entanglement

Quantum Repeater
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Cryptography

01101011100101Message 01101011100101Message

11010010010110+ Key 11010010010110+ Key
Public


Channel
10111001110011Encrypted text 10111001110011Encrypted text

Alice Bob

• the same size as the message

• used only once

• random

• securely distributed ? Quantum Key Distribution

Secure communication if the key is:

C. E. Shannon, The Bell System Technical Journal (1949)



State number

Alice’s basis

Bob’s basis
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Quantum Key Distribution

<latexit sha1_base64="SV1+0RQPowGJApfTRlP+8eaDPas="></latexit>

=
1p
2
(|%.%.i+ |-&-&i)

<latexit sha1_base64="+UfHlJh7CJE8t26KU6MT0UaFcfo="></latexit>

|�i = 1p
2
(|00i+ |11i)

<latexit sha1_base64="uYWCwdPVIlY63lBfwOJb67bhRmM="></latexit>

=
1p
2
(|lli+ |$$i)

1 2 76543 1098

Alice’s observation

Bob’s observation

Alice Bob<latexit sha1_base64="zto49r5UOXCQzvkWeovpUZu5NCw="></latexit>...
<latexit sha1_base64="zto49r5UOXCQzvkWeovpUZu5NCw="></latexit>...

1 1 0 1 0

C. H. Bennett, G. Brassard, N. D. Mermin, Phys. Rev. Lett. (1992)
A. K. Ekert, Phys. Rev. Lett. (1991)



Eve’s observation

Eve’s basis

State number

Alice’s basis

Alice’s observation

Bob’s basis

Bob’s observation

1 2 76543 1098
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Alice Bob<latexit sha1_base64="zto49r5UOXCQzvkWeovpUZu5NCw="></latexit>...
Eve <latexit sha1_base64="zto49r5UOXCQzvkWeovpUZu5NCw="></latexit>...

No Cloning Theorem
<latexit sha1_base64="mtySUW7hDk0GJG5dVAksaYPtTuo="></latexit>

U (| i ⌦ |'i) = | i ⌦ | i

input state
ancillary state

J. L. Park, Found. Phys. (1970)



Eve’s observation

Eve’s basis

State number

Alice’s basis

Alice’s observation

Bob’s basis

Bob’s observation

1 2 76543 1098
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Alice Bob<latexit sha1_base64="zto49r5UOXCQzvkWeovpUZu5NCw="></latexit>...
Eve <latexit sha1_base64="zto49r5UOXCQzvkWeovpUZu5NCw="></latexit>...

No Cloning Theorem
<latexit sha1_base64="mtySUW7hDk0GJG5dVAksaYPtTuo="></latexit>

U (| i ⌦ |'i) = | i ⌦ | i

input state
ancillary state

J. L. Park, Found. Phys. (1970)
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1 2 76543 1098

Eve’s observation

Eve’s basis

State number

Alice’s basis

Alice’s observation

Bob’s basis

Bob’s observation

Alice Bob<latexit sha1_base64="zto49r5UOXCQzvkWeovpUZu5NCw="></latexit>...
Eve <latexit sha1_base64="zto49r5UOXCQzvkWeovpUZu5NCw="></latexit>...

No Cloning Theorem
<latexit sha1_base64="mtySUW7hDk0GJG5dVAksaYPtTuo="></latexit>

U (| i ⌦ |'i) = | i ⌦ | i

input state
ancillary state

J. L. Park, Found. Phys. (1970)



So, what is quantum mechanics?

Basically, quantum mechanics is the operating system that other 
physical theories run on as application software (with the exception of 
general relativity, which hasn’t yet been successfully ported to this 
particular OS). There’s even a word for taking a physical theory and 
porting it to this OS: ‘to quantize’.

                                                       Even though it was discovered by 
physicists, it’s not a physical theory in the same sense as 
electromagnetism or general relativity. In the usual ‘hierarchy of 
sciences’ – with biology at the top, then chemistry, then physics, then 
math – quantum mechanics sits at a level between math and physics 
that I don’t know a good name for.

—Scott Aaronson (Prof. of Computer Science at UT, Austin)
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